Advanced Accelerator Physics

6. Synchrotron radiation

6.1. Radiation of accelerated particles

Electrostatic potential ® and vector potential A of a point charge:

o 1 p(r) s _ €
P) = Are, m|>‘<’—r|0I " R = Are,R
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In case of a relativistic movement one obtains the so-called

Liénard Wiechert potentials:
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where the expressions in the brackets are to be evaluated at the retarded time
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t, () = t,—R/c

and i is a unit vector in the direction of X —r(z).

0Q? = r’~(BRsin6 * 0
sin@= b/R

Only an intersection of the world line of a particle with the light cone contributes to
the field at the "point” (X,t)!
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The electric and magnetic field are calculated by differentiation

E-|vo-28]  B-VxA
at ret

and after some lengthy calculations one obtains:

B ix|(fi-3)xj
= o e n-— C {( ) } = 1lr. =
E(X,t) = £ + 2o — , B==[AxE]|

47ey | y*(1-1-B) R? 47| (1-A-B) R c
ret ret
velocity fields acceleration fields

Reminder:

e Velocity fields essentially are static fields and drop by 1/R2 - Near fields!
e Acceleration fields are radiation fields and drop by 1/R: Far fields!

Now everything will be considered in a frame of reference in which the velocity of

the charge is small compared to c (“rest frame"):
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4 R

ret

The energy flux is described by the Poynting vector:

~ 1 - - —x)2
S=—ExB = goc‘E ‘ n
Ho
The power radiated into the solid angle section Q results therewith as
. 2
apP _ £, c[RET = 22 2. ﬁx(ﬁxﬁ*)
dQ (47)

and can be expressed by the angle 6 between B and i as follows:

2

*

dP _ pmce’ |z

= .sin’ @
dQ (47[)2 g

Integration over all angles yields for the total radiated power in non-relativistic ap-

proximation the famous Larmor formula:
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e2

6re,C

P:

Because of p= B;/moc it can be written as (S < 1!1)

e’ dp” dp
P = 2.3 '
6re,m,c’ | dt dt

With the proper time unit dz = dt/y and the four-momentum p, one gets the follow-

ing Lorentz invariant form

b _ e’ (dp,dp” |
6re,m,y’c’ \ dz dr

which for f — 0 reduces to the Larmor formula.

(Remark: It’s interesting to see how this is e.g. ““derived™ in Jackson’s classical text-

book “Classical Electrodynamics™!)
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Expressing it by the energy E = ym,c* and the momentum p = Bymoc ensues

dp,dp* (dp) 1(dEY 2 | (dyBY (dyY
- = ~a| g, | = (rme) -
dr dr dr dr dt dt

- 2)\? i - =)\? -
and using the relations £%/ y* + ﬂ ﬂ) ﬁz—(ﬁx,b’) and 7?:(,3 ,B);/ one final-

ly gets:

p =21 -[ﬁz—(ﬁxﬁ)z}

6re,C

In accelerators either of the two cases of linear acceleration ,E” when passing through

accelerating sections and centripetal acceleration ,b;’l during deflection in magnetic

fields occurs separately. The resulting radiated powers are:
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P_e2y6 4 e’ -d|6”2_ e’ .dEZ
' 6re,c " BrgymSc® | dt 6zg,mc® | dx

eyt ., e? 2 dp, 2 e’c =
PL = 6 . ' = 6 2 3. dt = ; 4.?
& C TE;M, C Gﬂgo(moc)

Implications:

P
E/d x

~ 5.107 M

. dE
o Linear accelerator: Ix < 15 MeV/m, thus
X

(M)
e Electron- / proton accelerator: Fe =|— | =107
m

p €

The synchrotron radiation P, has been theoretically predicted by Liénard by the end

of the penultimate century. The experimental verification only succeeded at the end
of the forties at the 70 MeV synchrotron of General Electric in the USA.
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6.2. Circumference voltage

The energy loss per revolution AE =P -T results from the radiation loss P and the

staying time T :2;_R per revolution in the deflecting magnets
C

. F F
3g,(myc?) R

and is called circumference voltage. Approximately the following applies:

E*[Gev]

AE[kev] ~ 88,5-
R[m]

For illustration purposes we give here some numerical values:
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Accelerator L/m |[E/GeV| R/m B/T | AE /MeV
BESSY | (Berlin) 62.4 08| 1.78| 150 0.02
DELTA (Dortmund) 115 1.5 3.34 1.50 0.134
ELSA (Bonn) 164.2 3.5 11.0 1.08 1.22
DORIS Il (Hamburg) 288 5.0 12,2 1.37 4.53
PETRA (Hamburg) 2304| 235 195|  0.40 138
LEP (Geneva) 27000 104.6 3000 0.116 3450
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6.3. Time structure and angular distribution

In order to provide a clarifying illustration, the situation of a circulating electron will
be considered here in an approximation. In a frame of reference moving uniformly
with the electron, the latter, being located in the origin at the time t=0, only experi-

ences an acceleration along the x"-axis:

A
K' Elektronen-
bahn 3’ i K'

Biegeradius
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The radiation characteristic corresponds to the Hertzian dipole. A photon being emit-
ted in y -direction holds the momentum:
., . ho .
Py =P = Tey

By Lorentz transformation, one gets the momentum in the laboratory frame:

y 0 0 py| (ho/c yhao'/c
b _ 0 10 O 0 _ 0
“ 10 01 0 R I B
By 00 y] L O prha[c
Herefrom ensues for the angle ® under which the photon is emitted in the laboratory
frame:
tan ©® :&zi
P, 7
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The result is a focusing of the light beam with the angle of aperture ® ~1/y in the

shape of a narrow club which, like the beam of a headlamp, is emitted tangentially to

the electron path and sweeps over the observer:

Beobachter

Elektronen-

bahn R
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Only during the flight from point A to point B the emitted light reaches the observer.
He sees a pulse whose length corresponds to At, the delay between electron and pho-
ton from Ato B (By ~y —-1/2y):

At

_2RO _2Rsin® 2R(® _ ©°) 2R(1 1 1) _ 4R
pc C c |\ p 3! c\ By y 6y° 3cy°

The following frequency corresponds to this pulse length:

o _27[_7[307/3 — rw
WAt 2R ¢

The thereby defined frequency «, is called the critical frequency (see below).
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6.4. Spectrum of the synchrotron radiation

For simplification matters we do set in the following A(t) = NENe [R E]m and
_ dP %12
thereby get: 90 - ‘A(t)‘
The total irradiated energy W then is
j—dt _ ”/S(t)\2 dt

This can be expressed through the Fourier transform of A:

‘;_Vg\; :iofdt]odwjde(w) Alw) ") HA(w)\ do

If one restrains the integration to positive frequency values, one gets for the radiated

energy per solid angle unit and frequency interval:

d 2 A real

- 2 - 2 — 2
—3 :‘A(a))‘ +‘A(—a))‘ = Z‘A(a))‘
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After calculating the Fourier transform taking into account the retardation condition
t+R(t)/c=t
and the approximation for large distances (allowed by R(t) ~ x—i-r(t") ) as well as

the decomposition into orthogonal polarizations one gets for the radiated power on a

circular orbit (see e.g. Jackson):

d’ I 3¢’ 2| @ 2 29212 2 7%0? 2
= . — [ {1+ y0°; - K + - K

dwdQ 167r330C y [a)} { 4 } 2/3(5) 1+7/2(92 1/3(5)
radiation polarized in

c
the orbit plane radiation polarized perpendicularly
to the orbit plane

where;

e (¢ =polar angle to the orbit plane,

3
* o = 3;1 “critical frequency* (R = radius of curvature of the orbit),

3
o &= %(H 7202)4 dimensionless parameter as the argument.

c
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In the orbit plane, the light therefore is completely linearly polarized,

outside of it weakly elliptically polarized!

In the low and high frequency range, the following approximations apply for 8 = 0:
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For the "critical angles" (for a more precise definition see Jackson) we have:
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[£(6,)=¢(0)+1]

[1(6.)=1(0)/e]
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The low frequency components are emitted under a much higher, the high fre-

guency components under a much smaller angle than the average radiation!

Integration over the polar angle @ (allowed because of the small aperture angle)

yields the spectral energy distribution:

e’ oR :
3 : if oo,
dl J3el o 7% Adreyc\N C
- y— [ Kgs()dx = 2
do 4rzgc o, J6re [
‘ -~y [—e ™ if o>,
drey,c \ o,

The critical energy %, divides the spectrum of the synchrotron radiation into two

equal parts.
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