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Abstract

In this thesis, we study compactifications of type IIA supergravity on six-dimensional
manifolds with an SU(2)-structure. A general study of six-dimensional manifolds with
SU(2)-structure shows that ITA supergravity compactified on such a manifold should
yield a four-dimensional gauged N' = 4 supergravity. We explicitly derive the bosonic
spectrum, gauge transformations and action for ITA supergravity compactified on two
different manifolds with SU(2)-structure, one of which also has an H fg)—ﬂux, and confirm
that the resulting four-dimensional theories are indeed N' = 4 gauged supergravities.
In the second chapter, we study an explicit construction of a set of SU(2)-structure
manifolds. This construction involves a Scherk-Schwarz duality twist reduction of the
half-maximal six-dimensional supergravity obtained by compactifying ITA supergravity
on a K3. This reduction results in a gauged N' = 4 four-dimensional supergravity, where
the gaugings can be divided into three classes of parameters. We relate two of the classes
to parameters we found before, and argue that the third class of parameters could be
interpreted as a mirror flux.

Zusammenfassung

In dieser Dissertation untersuchen wir Kompaktifizierungen von Typ IIA Supergravita-
tion auf sechsdimensionalen Mannigfaltigkeiten mit einer SU(2)-Struktur. Allgemeine
Untersuchungen von sechsdimensionalen Mannigfaltigkeiten mit einer SU(2)-Struktur
zeigen, dass die Kompaktifizierung von ITA Supergravitation auf solchen Mannigfaltigkeiten
eine vierdimensionale geeichte Supergravitation ergeben sollte. Wir berechnen das bosonis-
che Spektrum, die Eichtransformationen und die Wirkung von ITA Supergravitation
kompaktifiziert auf zwei Mannigfaltigkeiten mit SU(2)-Struktur, eine davon mit einem
H 1((3))—Flux, und bestétigen, dass die resultierenden vierdimensionalen Theorien tatsidchlich
N = 4 geeichte Supergravitationstheorien sind. Im zweiten Kapitel untersuchen wir eine
explizite Konstruktion von einer Menge von SU(2)-Struktur Mannigfaltigkeiten. Fiir
diese Konstruktion benutzen wir eine Scherk-Schwarz Dualitétstwist-Reduktion der halb-
maximalen sechsdimensionalen Supergravitation, die man aus der Kompaktifizierung von
ITA Supergravitation auf K3 erhélt. Diese Scherk-Schwarz Reduktion ergibt eine geeichte
N = 4 vierdimensionale Supergravitation, in der die Eichungen in drei Parameterklassen
aufgeteilt werden kénnen. Wir setzen zwei dieser Klassen mit zuvor gefundenen Param-
etern in Verbindung, und behaupten, dass die dritte Klasse als Mirrorflux interpretiert
werden konnte.
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Chapter 1

Introduction

1.1 String Theory and Compactifications

To describe the fundamental interactions in nature, two different theories are needed:
the Standard Model and General Relativity. The Standard Model describes the world at
small length scales and very accurately predicts how particles such as quarks, electrons
and neutrinos interact. According to the Standard Model, these interactions are due to
three different forces: the strong force, the weak force and the electromagnetic force.
These forces act by the exchange of a particle related to the force, such as the photon
for electromagnetism. At larger length scales we know, however, that we need a fourth
force to describe nature, namely gravity. Gravity is described by the theory of General
Relativity, in which objects move in a space time curved by the stress-energy tensor of
matter and radiation. The predictions of this theory are also highly accurate.

Unfortunately, these theories do not seem to be compatible. At small length scales,
General Relativity breaks down and constructing a renormalizable quantum field theory
that treats gravity on the same footing as the other three forces has not yet been done,
despite numerous tries. However, it is expected that there is one theory that describes
nature, a theory that unifies the Standard Model and General Relativity. Not only would
this be aesthetically pleasing, there are also instances where a quantum theory of gravity
is needed, such as the early universe and black holes.

String theory ([1, 2]) has emerged as a leading candidate to solve this problem. The
fundamental objects in string theory are tiny, vibrating strings that can be both closed
and open. Each of their vibrational modes represents a particle. Strings can interact
by joining or splitting, which in turn causes interactions between the different vibra-
tional modes of the strings, meaning that string theory can describe particle interaction.
Amongst the possible particles are scalars, fermions, gauge bosons and also a spin-2 field
that is a candidate for the graviton, the particle associated with gravity. This indicates
that string theory could contain a quantum theory of gravity.

There are five consistent superstring theories that live in ten dimensions. All these
theories are supersymmetric, meaning that there is a symmetry that interchanges the
fermions and the bosons of the theory. These five theories are type I string theory,



consisting of unoriented open and closed strings with a gauge group SO(32), type IIA
and IIB string theory, made of open and closed strings, and two heterotic string theories
that only have closed strings, one with gauge group SO(32), and one with gauge group
ES X Es.

Since supersymmetry interchanges bosons and fermions, the supersymmetry parame-
ter itself must be a spinor. The number N of supersymmetry parameters, together with
the dimension of the representation in which the parameters live, determines the amount
of conserved charges associated with the supersymmetry. These charges are called the
supercharges. For example, type ITA and IIB string theory are N = 2 theories, with
the parameters in 16 real-dimensional Majorana-Weyl representations, meaning that the
theories have 32 supercharges. Similarly, type I and the heterotic string theories are ten-
dimensional N = 1 theories with 16 supercharges. In four dimensions, we will mainly be
concerned with A/ = 4 theories, these are half-maximal theories with 16 supercharges.

The calculations we will present here are all done in the supergravity limit of the
string theories. When the string length goes to zero, string theory can be approximated
by an effective field theory that describes the massless states of the string theory. This
field theory inherits the supersymmetry from the string theory, and the graviton state of
the string means that the metric is a field in the field theory as well. Therefore, the field
theory thus obtained is a supersymmetric theory of gravity. In this thesis, we will use
both the ten-dimensional N' = 2 type IIA supergravity that is related to type ITA string
theory, and lower-dimensional supergravities.

Since the observable world is four-dimensional, it is necessary to have a way to extract
four-dimensional physics from this ten-dimensional theory; this is called dimensional
reduction. First devised by Kaluza [3] and Klein [4] as a means to unify gravity and
electromagnetism, dimensional reduction requires us to make an Ansatz about the form
of space-time. The specific Ansatz we will use here is that space-time is a product of
four-dimensional observable space and a compact, internal manifold; therefore this sort
of dimensional reduction is alternatively called compactification. The higher-dimensional
fields are then expanded in a basis of eigenfunctions! of the Laplacian on the internal
space, and the coefficients of this expansion are the four-dimensional fields. Entering the
field expansions into the action, one can integrate over the internal manifold and obtain
a lower-dimensional theory.

One of the aims of string theory is to show that it reduces to a four-dimensional
theory that is a supersymmetric extension of the Standard Model. Amongst its features,
such a theory should have a gauge group that includes the Standard Model gauge group.
The theory should also be N' = 1 supersymmetric, where the supersymmetry would be
broken in some way.

One important early attempt to obtain the Standard Model from string theory was
the compactification of heterotic string theory on a Calabi-Yau manifold [5]. A Calabi-
Yau manifold is a manifold with one covariantly constant spinor. The supersymmetry
parameter of the string theory must be expanded in this one internal spinor, resulting in
one space-time supersymmetry parameter, or an ' = 1 theory. Furthermore, a subgroup
of the gauge group of the heterotic string theory is preserved under the compactification,
leading to gauge groups large enough to accomodate some viable candidates for gauge

1We use the term function loosely here; what we expand in depends on the field we are expanding.



groups that include the Standard Model gauge group.

Since then, many different ways of compactifying supergravities to obtain four-dimen-
sional theories have been developed. Two methods to obtain lower-dimensional gauged
supergravities from possibly ungauged higher-dimensional supergravity are compactifi-
cations on manifolds with reduced structure and compactifications with fluxes. As the
Standard Model is a gauged theory, it is clearly in our best interests to understand how
to obtain different gauge groups from dimensional reductions. Furthermore, in gauged
supergravities, fields also acquire mass terms. Through these mass terms, it could be
possible to tune the effective field content to one that we want to obtain.

In this thesis, we will focus on compactifications that yield four-dimensional N' = 4
supergravities. Because of the high degree of supersymmetry, these theories are not
usually thought to be feasible candidates for phenomenology. However, the high degree
of supersymmetry also makes the theories very controlled; we will see later on that a
four-dimensional gauged N = 4 supergravity can be determined by very few parameters.

1.2 Compactifications on Manifolds with Fluxes and
Reduced Structure

Two related configurations for dimensional reductions that have received much atten-
tion recently are reductions on manifolds with fluxes and on manifolds with reduced
structure. Dimensional reductions with fluxes were mentioned already in [6], and have
become a viable option in phenomenology (see for instance [7] and [8]). For an overview
of compactifications with fluxes on reduced structure manifolds, see [9] and references
therein.

The structure group of a Euclidian n-dimensional manifold is SO(n), this is the group
in which the transition functions of the tangent bundle to the manifold take their values.
If the transition functions of the tangent space of a manifold take values in a subgroup
of SO(n), we say that that manifold has reduced structure. An example of this is a
six-dimensional Calabi-Yau manifold, whose structure group is SU(3).

The structure group also determines the transition functions of the spinors on the
manifold. Specifying to six dimensions, the spinors generically transform under SU (4) &
SO(6). This means that the vector space of spinors is a complex four-dimensional space,
and the four spinors that span this space transform into one another when going from
patch to patch on the manifold. However, if the manifold has a reduced structure, one
or more spinors are singlets under the transition functions. Therefore, these spinors are
globally well-defined on the manifold.

If one or more globally well-defined spinors exist on the manifold, they can be used to
construct certain structures on that manifold. For example, if the manifold has SU(3)-
structure (see, for instance, [10]), there is one globally well-defined spinor, and that spinor
can be used to construct an almost complex structure and a two-form. If, moreover, the
spinor were to be covariantly constant, both the almost complex structure and the two-
form would be closed, making the manifold complex and Kéhler, making it a Calabi-Yau
manifold. If, on the other hand, the manifold has SU(2)-structure (see, for instance,
[11], [12], [13] and [10]), there are two globally well-defined spinors. Both of these can be



used to define an SU(3)-structure with an almost complex structure and a two-form, and
in this case the product of the two two-forms determines an almost product structure:
locally, the manifold looks like the product of a two and a four-dimensional manifold.

Strictly speaking, a configuration with H {g)—ﬂux is a configuration in which the inte-
gral of the field strength H fg) over a non-trivial cycle in the internal space is non-zero.
After a dimensional reduction, the value of this integral becomes a mass parameter in the
four-dimensional action. In this way, turning on fluxes can be used as a way to obtain
gauged four-dimensional theories.

At a first glance, there does not seem to be much correspondence between fluxes and
manifolds with reduced structure. However, it is known that for a compactification of ITA
supergravity on a Calabi-Yau manifold Y, there exists another Calabi-Yau manifold Y,
such that the compactification of IIB supergravity on Y yields the samelower-dimensional
theory as the compactification of IIA on Y. This correspondence is called mirror sym-
metry [14]

One can study what happens to fluxes under mirror symmetry: if ITA on a Calabi-Yau
Y is dual to IIB on a Calabi-Yau Y, what is the mirror of the ITA theory if we turn on
fluxes on Y7 It has been shown that fluxes on some of the fields in ITA can be mirrored by
fluxes on the fields in IIB [15], another flux, namely the H {g)—ﬂux, can not be mirrored by
a flux in IIB. Instead, the mirror theory is obtained by compactifying IIB on a manifold
Y that is no longer Calabi-Yau but has reduced structure [16]. A similar phenomenon
occurs in toroidal compactifications [17], [18]. It seems to be a good approach to look at
reduced structure and fluxes as two sides of the same coin.

1.3 Outline of the Thesis

In this thesis, our aim is find out what four-dimensional supergravities we can obtain
by dimensionally reducing ITA supergravity on a manifold with a reduced structure,
namely SU(2)-structure, with Hl(g)—ﬂux turned on. We concentrate on the bosonic part
of the theory. One specific example of a manifold with SU(2)-structure is K3 x T2,
and compactification of ITA on a K3 x T? gives a four-dimensional supergravity theory
with sixteen supercharges, or N' = 4 supergravity. As we will see, compactifying ITA
supergravity on different SU(2)-structure manifolds, with and without H fg)—ﬂu& always
gives a four-dimensional gauged N = 4 supergravity.

We also want to see whether we can make an explicit construction of SU(2)-structure
manifolds. We start from a Scherk-Schwarz duality twist of the six-dimensional super-
gravity one obtains by compactifying ITA supergravity on a K3. This yields a gauged
N = 4 four-dimensional supergravity. We find that the gauging can be contributed to
three classes of parameters, and show that we have already encountered two of these
parameters, while the third seems to be related to mirror symmetry.

The outline of this thesis is as follows: in Chapter 2, we reduce IIA supergravity
on different SU(2)-structure manifolds with and without H fg)—ﬂux, and show that they
yvield N' = 4 supergravity. We first discuss IIA supergravity, presenting the spectrum,
the action and its symmetries. We then describe manifolds with SU(2)-structure and

Hl(g)—ﬂux; we define the different structures on the SU(2)-structure manifold in terms
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of the spinors and show that a rotation of the spinors rotates the complex and Kahler
structures into one another. In section 2.3, ITA supergravity is compactified on a K3x 71?2,
since the compactification of ITA on K3 x T? and on different SU(2)-structure follows
roughly the same steps. In section 2.4, we compactify IIA supergravity on a manifold
with SU(2)-structure , Y7, with Hl(g)—ﬂux. In order to show that this and the following
compactification do indeed result in N' = 4 supergravities, we describe how these theories
can be classified, following the formalism of [19], and we show that the compactifications
we have done up to that point give N' = 4 supergravities. Finally, in section 2.6, we
compactify ITA supergravity on a more complicated SU(2)-structure manifold, Y>, and
show that the resulting theory is also an N’ = 4 supergravity.

In Chapter 3, we discuss an explicit construction of a set of SU(2)-structure mani-
folds. This construction is done by performing a Scherk-Schwarz duality twist of the six-
dimensional half-maximal supergravity obtained from the reduction of ITA supergravity
on a K3. We will first review the compactification of ITA supergravity on a K3 and then
perform a Scherk-Schwarz reduction of the six-dimensional theory to four dimensions,
showing that the resulting theory is a gauged N/ = 4 supergravity, with gauging depend-
ing on the Scherk-Schwarz twist employed. We will then show that the gaugings can
be divided into three classes of parameters, and interpret the first two classes as equiva-
lent to a class of parameters in the SU(2)-structure manifolds we considered before, and
H fg)—ﬂuxes. We will finally argue that the last class of parameters can be interpreted as

another H fg)—ﬂux, but this time applied to the mirror K3.
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Chapter 2

Gauged Supergravities from
ITA Supergravity on
SU(2)-Structure Manifolds

Let us take a general look at the procedure of compactifying a ten-dimensional theory
down to four dimensions. More information on this can be found in [20] and references
therein. As in this whole thesis, we focus on bosonic fields and assume that the fermionic
fields and action can be determined by supersymmetry.

We assume that ten-dimensional spacetime M'? has the following product form:

MY = M3 <y, (2.1)

with M3 a four-dimensional space and Y a compact, orientable, six-dimensional mani-
fold. The coordinate on M is X, the coordinate on M3 is z, and the coordinate on
Y is y. The split (2.1) means that the Lorentz group is reduced as well:

SO(1,9) — SO(1,3) x SO(6). (2.2)

This means, for example, that a ten-dimensional scalar field ®;y5 can be expanded in a
set of functions on Y:

QIO(X) = Zq)n(m)fn(y)’ (23)

the coefficients ®,, being the resulting four-dimensional fields.

The spectrum can be determined by taking a closer look at the functions ™. We will
now also assume that Y is Kéhler, and that the metric on M1 is block-diagonal. The
equation of motion for ®qq is

AlO(I)lO - m2<I>10 =0. (24)

Since the metric is block-diagonal, Ajg = Ag + Ay; therefore, using eq. (2.3) here tells
us that
(m? —mp) " = A f™, (2.5)

12



for m2®,, = Ay®,,. In other words, the mass of the four-dimensional fields depends on
the mass of the ten-dimensional field and the eigenvalues of the Laplace operator Ag.
We will restrict ourselves to the massless case, that is, to the case where m = 0 and
Agf™ = 0. This means that f™ has to be a constant, so the ten-dimensional scalar field
®19(X) gives rise to one four-dimensional scalar field ®(x).

Generally speaking, bosonic tensor fields can always be expanded in eigenvalues of
the six-dimensional Laplace operator. If Y is Kéhler, the eigenfunctions with eigenvalue
zero are in a one-to-one correspondence with the cohomology of Y. This means that we
can decompose all bosonic fields in a basis of the cohomology of Y.

If Y is not Kéhler, the above argument no longer holds. In particular, in sections
2.4 and 2.6 we will want to expand the fields in forms, including the Kéhler form, that
are no longer closed. However, it can be argued [16] that the resulting masses will be
much smaller than the masses coming from expanding the fields in eigenfunctions of the
six-dimensional Laplace operator with a non-zero eigenvalue.

Once we have established the decomposition of the fields, this allows us to determine
the spectrum and the action of the four-dimensional theory. The spectrum is given by the
coeflicients of the expansions of the ten-dimensional fields. To find the four-dimensional
action, we insert all the field expansions in the ten-dimensional action. This action then
splits into a four-dimensional and six-dimensional integral. The six-dimensional integral
is given by the intersection numbers of Y, and this leaves us with a four-dimensional
action.

In the following sections, we will see how all of this is done for ITA supergravity on
a manifold with SU(2)-structure. We will start by giving the spectrum and action of
ITA supergravity. After that, we will describe what an SU(2)-structure manifold is and
see that K3 x T? is a particular example of such a manifold. Then we will perform the
compactification of IIA on a K3 x T2. In the next section, we will compactify IIA on a
simple manifold with SU(2)-structure that is a generalization of K3 x T2, with an added

Hl(g)—ﬁux. We will then discuss four-dimensional gauged supergravities, before turning
to ITA compactified on a more complex manifold with SU(2)-structure.

2.1 ITIA Supergravity

Type ITA supergravity is a ten-dimensional, A" = 2, non-chiral supergravity theory. A su-
pergravity theory is a supersymmetric theory that includes gravity; the ten-dimensional
metric gioarn is a bosonic field that enters the action. The fact that N' = 2 means
that the supersymmetry transformations of the fields are generated by two independent
parameters €2, In ten dimensions, this means that the theory has 32 conserved su-
percharges. The two supersymmetry parameters could have either opposite chirality,
meaning

Iige! = %€t (2.6)
F1062 = :F627
or the same chirality, meaning
Tipel? = 42 (2.8)

13



ITA supergravity is non-chiral, which means that the supersymmetry parameters have
opposite chiralities. Type IIB supergravity, which will not be used in this thesis, is a ten-
dimensional, N’ = 2, chiral supergravity theory with both supersymmetry parameters
having the same chirality.

The bosonic spectrum of ITA supergravity contains the graviton g1 pn, the dilaton
¢10 and the two-form field B%). These fields come from the Neveu-Schwarz-Neveu-
Schwarz sector of the string and this sector is therefore often called the NS sector. The
other two bosonic fields in ITA supergravity are the one-form Ago and the three-form

Cio (3 These come from the Ramond-Ramond sector of the string and this sector is called
the Ramond sector.
The action is manifestly invariant under a coordinate transformation

XM XM M (2.9)

for infinitesimal £ . Since coordinate transformations can be written as transformations
of the fields, this is equivalent to saying that the action is invariant under these field

transformations. Under eq. (2.9), a tensor field T}, Nl’ ]th; transforms as

p

Ni,....Ng __ R Ni,...,Nq 2 : RN1,...,Ng
55TM17--~,M;7 =< aRTMlv“aMp - 8M1£ TMls~~~7Mi717R7Mi+17-~~yMp
=1
N R,N, N
+ E OrEN Ty, ;1 B (2.10)

The form fields also transform as gauge fields. More precisely, they have the following
gauge transformations:

50 AlY) = dAyo, (2.11)
5 B2 = dAly), (2.12)
5,083 = dAY) + Ay dB). (2.13)
This means that whereas the field strengths of Ag and B 0) are simply F,q" := dig A(l)
and HS) = dyo 3%)7 the exterior derivative of F1(0) = dyo C{O) does not transform

covariantly. Instead, it can be easily seen that the field strength
FY =dyc® —aADAHD (2.14)

is left invariant by the transformations in eq. (2.13).
The bosonic action for these fields is made out of three parts,

Srra = Sns + Sr + Ses, (2.15)

14



where

1
Sns = /67%10 {dlox\/ —g10 (Rw + 43M¢103M¢10) + §H$) A *H{S)} (2.16)

1 ~ ~
Sk =3 /{ O ANFQ + FQ A *Ffé)} (2.17)
1
Scs = —§/B§§> ANFQ AFD. (2.18)

It can be checked that this action is invariant under all symmetry transformations de-
scribed above.

2.2 Structures and Spinors

Let us now explain what we mean when we say that the internal manifold Y is a six-
dimensional manifold with SU(2)-structure. Such manifolds have been discussed, for
example, in refs. [10, 12, 13] and in this section we summarize some of their results.

2.2.1 Topological Requirements for Supersymmetry Breaking

In general n-dimensional manifolds with G-structure are defined to have a reduced struc-
ture group G C SO(n).! For the case at hand the structure group SO(6) is reduced
to SU(2). This in turn implies that two nowhere vanishing spinors n', 7% can be glob-
ally defined on Y. These are precisely the two singlets in the decomposition of the
four-dimensional spinor representation of SO(6) under SU(2)

SO(6) = SUM4) — SU@2): 4—201a1. (2.19)

The ten-dimensional supersymmetry parameters are Majorana-Weyl and they reside
in the 16 of SO(1,9). For backgrounds of the form (2.1) they decompose as

16 — (2,4) @ (2,4) , (2.20)

where the 2 and 2 correspond to Weyl spinors of the four-dimensional Lorentz group
SO(1,3). Keeping only the two singlets of (2.19) leaves eight out of the original 16
supercharges in M3 intact. For type ITA where one starts with 32 supercharges in
ten dimensions, one ends up with 16 supercharges in M3 or in other words N’ = 4
supersymmetry. More precisely we have

e =chen e on, i=1,2

2

, , (2.21)
€ = fiz‘@?ﬁ +§3¢®773r ,

where €2 are the two supersymmetry parameters in d = 10, Eil 2 are the four supersym-

metry parameters of A/ = 4 in d = 4 and by abuse of notation the subscript & indicates
both the four- and six-dimensional chiralities.

IThe structure group is the group the transition functions of the tangent bundle T'Y take values in.
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2.2.2 Spinors on an SU(2)-Structure Manifold

Instead of characterizing manifolds with G-structure by the existence of globally defined
spinors they can equivalently be described by invariant tensors constructed out of the
spinors. We will be using the spinor conventions laid out in Appendix G.

For manifolds with SU(2)-structure one can define a pair of 2-forms J* and a pair of
3-forms Q' via

T =i Yt annp = inﬁvmnpni , m,n=1...,6. (2.22)
By raising an index with the metric one obtains two almost complex structures
Iimn = Jrinpgpn ) (IZ)Q =-1 ’ (223)

which generically are not integrable since the Nijenhuis-tensor is not necessarily vanishing.
With respect to I* the two forms J¢ are (1,1)-forms while the Q¢ are (3,0) forms.

If the manifold has an SU(2)-structure the two almost complex structure commute
[I1,I5] = 0 and define an almost product structure II via

m," =1, PI?,", with II?=1. (2.24)

One can check that II has four negative and two positive eigenvalues which in turn
implies that locally the tangent space splits into a four-dimensional and a two-dimensional
component and the metric can be choosen block-diagonal [10, 12]. In other words locally
the six-manifolds Y is a product of the form ¥ ~ Y x Y@ where Y is a four-
manifold while Y2 is a two-dimensional manifold. Furthermore since the spinors are
never parallel also a globally defined complex one-form

O 1= 0} —i02, = nffymni , (2.25)

exists.
With this information at hand the four tensors J*, Q' can be expressed in terms of
the one forms o*, a (1,1)-form j and a (2,0)-form w via [10, 12]

J1’2:j:|:0'1 /\0_2 , Ql’QZw/\(O‘l :tidz) , (226)
or equivalently [13]
o1 )
J= 5 =T = i (2.27)

As shown in refs. [10, 12] 0% can be viewed as one forms on the two-dimensional component
Y () while j and w define an SU(2) structure on the four-dimensional component Y (4.

There is an arbitrariness in our choice of spinors. Any linear combination of the two
globally well-defined spinors n',n?, as long as it leaves the lengths invariant, would yield
two-forms j, Rew, Imw and a one-form o. Let us consider a complex 2 x 2-matrix g acting
on n_ := (n,n?) such that

nin-—nlgtgn =nin_. (2.28)
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This means g € SU(2), so we can write it as

g= ( S (f’ ) (2.29)

with a,b € C satisfying |a|? + |b|?> = 1. While the negative chirality spinors transform as

n-— gn-, (2.30)
n —nl gt (2.31)

the positive chirality-spinors are defined as

nh =n"C. (2.32)
Therefore, they transform as

N+ = 9 N+, (2.33)

nl —nlg". (2.34)

This SU(2)-rotation of the spinors corresponds to an SO(3)-rotation of the three
two-forms j, Rew,Imw. Let G(g) be the action of g on any spinor bilinear given by the
SU(2)-rotation g of the spinors, written as a matrix multiplying the vector

J
Rew |. (2.35)
Imw

We want to consider the action of g on this vector. In terms of spinors, we have

_ i

Imn = 5 (nfr'ymnnl— - niT'Ymnn2—> s (2'36)
i

Rew = o (nljvmnni + ngwmnni) : (2.37)
1

Imw = - (nifvmnni —~ nﬁwmnni) : (2.38)

and writing a =t + iz, b = y + iz we find

2422 —y? — 22 2ty + 2zz 2xy — 2tz
G(g) = 2xz — 2ty 2 — 2?2 — y? 4 22 2z + 2yz , (2.39)
20y + 2tz 2yz — 2tx 12 — 22 4 9% — 22

For g € SU(2) we have 2 4+ 22 + y? + 22 = 1, and using this we can calculate that
GGT = 1. This means G € O(3), and since det G = 1 fort = 1,0 =y = 2z = 0, we
conclude G € SO(3).

On the other hand, the one-form o is left invariant under this rotation. To show this
we need that

Om ‘= UzT%nni = _nl—T'Ymn-ZF (240)
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This can be shown as follows:

2 mnt = 2)TCymnt = —(2) 4L Ot
=~ (" = =0yt (2.41)

We calculate
G(g)vm = (=bn™" + an*Nym (a0} + 0" 03) = (|af* + [B]*)vm = vm. (2.42)

We recognize these transformations from K3 x T2. K3 has a triplet of complex
structures, while 72 has one. The rotation of the spinors exactly duplicates this for the
case of an SU(2)-structure manifold: the three complex structures on Y®, j, Rew, and
Imw rotate into each other, while the complex structure on Y2, o, is left invariant.

2.3 IIA on K3 x T?

We will start the compactifications by giving an overview of the compactification of ITA
supergravity on K3 x T2. The computations of IIA supergravity compactified on man-
ifolds with SU(2)-structure will be based on this, as the internal manifolds are inspired
by K3 x T2. We start by looking at the internal manifold to determine what forms to
expand the ten-dimensional fields in. Having done that, we move on to calculate the
spectrum and the action.

2.3.1 K3 and T?

Here, we will introduce the forms and geometric objects needed to compactify on a
K3 x T?. The concepts used here are explained in Appendix A. Since K3 x T? is a
product manifold, one can look at K3 and T? separately. Let us start with 772,

T? is a two-torus; we will denote coordinates by y* for i = 1, 2. It has two one-forms,
o' = dy’, and one two-form, o A 07 = €7 dy' A dy?. The one integral we need to know is

/ o' Aol =€, (2.43)
T2

The geometry of T2 is determined by its metric gij- From this metric, the volume of the
T2, e=2" can be derived as e~2" := det 9ij-

K3, with local coordinates denoted by z% fora = 1, .. ., 4, is slightly more complicated;
it is the only non-trivially Calabi-Yau manifold of four real dimensions. This means that
it is a Ricci-flat K&hler manifold with vanishing first Chern class. From this, one can
infer (see, for instance, [21]) that the Hodge diamond is given by

1
0 0
1 20 1 (2.44)
0 0
1
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The 22 2-forms are denoted as Q4 (A = 1,...,22) and they determine the following
intersection metric:

nAB ::/ Q4 A QB (2.45)
K3

Note that 78 is symmetric. The signature of this metric is (3,19), which corresponds
to the fact that the two-forms can be split into three anti-selfdual ones (the Kéhler form,
and the (2,0) and (0, 2)-form), and nineteen selfdual ones.

Since the Hodge-dual of a two-form on a four-dimensional manifold is again a two-
form, *Q4 is a linear combination of two-forms:

Q4 = 4508, (2.46)

Since ** Q4 = Q4 HABHBC = 564‘- Furthermore, Q4 AxQF = QB A%Q4, so nABHCB =
n“BHA,. From this, it follows that
HApnP H ¢ =P (2.47)

)

or, in other words, H5 € SO(3,19). In fact, H*y is an element of the 57-dimensional
coset space [22]
S0(3,19)
SO(3) x SO(19)°

Since the metric is used in the definition of the Hodge star operator *, H AB is deter-
mined by the metric g, on the K3. In fact, H AB contains 57 out of the 58 parameters
we need to specify the K3 metric [21]. The one metric parameter that is not caught
in HAB is the volume of the K3. Analogous to the T2, the volume e~ 2” is defined as
e~ := det g,p.

(2.48)

2.3.2 The Spectrum

We are now in the position to determine the bosonic spectrum of ITA supergravity com-
pactified on K3 x T2 by expanding the bosonic spectrum of ITA supergravity in the
cohomology of the internal manifold. The four-dimensional fields that arise have trans-
formations that come from the ten-dimensional field transformations. We will discuss
these and redefine the four-dimensional fields accordingly. Finally, we will specify the
field dualizations we need to perform to make the global SO(6,22)-symmetry of the
theory manifest.

The four-dimensional dilaton is defined such that it contains the ten-dimensional
dilaton and the volume of the K3:

¢ = ¢10+ %p. (2.49)

The ten-dimensional metric gives rise to the four-dimensional metric g,,,,, two vector-
fields G and metric moduli coming from 9i; and gqp:

ds? :guu(x)dfp“d%u + gab(ﬂf, z)dz“dzb
+ gij(x) (Ui — Gf})i(x)dx“) (O'j - G(Vl)j(x)da:”) ) (2.50)
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The existence of the two vectorfields GV is directly related to the fact that a T2 has
two one-forms. On the other hand, there are no one-forms on the K3 so g9 e = 0.
The combination ' ' _
V=gt — GWi (2.51)
is invariant under the remnants of the ten-dimensional coordinate transformations. These

remnants are generated by a vector £¢(z)s; with the vectors s; dual to the one-forms o'
on T?. Using eq. (2.10), we can calculate the transformation of g;; under &

Seqroij = —E0kgi; — 0i* gy — 0;5 gun.. (2.52)

Since both g;; and ¢ only depend on x, we conclude that

6592’]’ =0. (253)
This, and the calculation
Seg10pi = —0u& g10 i = — 910,87, (2.54)
tells us that ' .
6:GWT = gt (2.55)

This means G(V7 is a gauge field for the parameter &°. Other fields coming from g1 N
do not transform under &. The one-form o = dy* does transform under y* — y* + £¢, of
course, and the transformations of o* and —G(1)* exactly cancel each other out. Therefore,
we expand the fields in terms of the invariant combination

V=o' — G, (2.56)

Since the metric is block-diagonal in terms of v/%, the ten-dimensional Hodge-star splits
when written in this basis. That means that apart from the integral in eq. (2.43) we can
also calculate the integral

VA spd = e gl (2.57)
T2

We will need both these integrals to calculate the four-dimensional action.
The form fields can be expanded in terms of the fields on K3 x T? as follows:

Aglo) =AW (2) + a;(x)} (2.58)
. 1 . .
Big =B (@) + BY () Av' + Sbij(@) v AV 4 ba(a) @4 (2.59)
~ ~ . 14 . .
C® =B (z) + CP (@) AV + 505?@) VA
+CP @) A QA+ éia(z) v AQA (2.60)

This means that the ten-dimensional form fields give the following four-dimensional fields:
one three-form, three two-forms, twenty-four one-forms and sixty-nine scalars.

The four-dimensional fields inherit the gauge behavior of the ten-dimensional fields.
This is especially interesting for the fields coming from C’fg), as it has a non-trivial
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transformation under the ten-dimensional gauge transformations. CA'S), for example,
transforms like

5/\0(1) =dA4 + Aodby. (2.61)
A

We find it convenient to perform the following field redefinitions:

cia = Cia +a;ba,
COA = 4B (C) + AW
o) =0+ AWy, (2.62)
2 A(2 1
P =CF + AW ABY,
0B =B 4 AW A BA,
Note that we have used this redefinition to also raise the index on CV4. This is only

done for notational purposes and has no physical significance. CV4 is a U (1) gauge
boson with parameter A\ defined by

M= A8 (Ap + Abp) . (2.63)

To compare this to the formulation of N' = 4 supergravity in the literature, we have to
dualize some of the fields. This will make the global SO(6,22)-symmetry of the theory
manifest. We have written down the procedure of dualizing fields in Appendix B. In
particular, to write the action in terms of the fields found in the literature we do the
following: we integrate out the three-form C'®), since it does not represent any degrees

of freedom in four dimensions, and dualize the two antisymmetric tensor fields Ci@) to

two scalars ;. We then dualize the one-form field C’i(jl) to a one-form field C(V), and
the two-form field B® to a scalar Bij = —fBji- Note that since i, € {1,2}, §;; only
represents one independent scalar field. Finally, we dualize the one-form fields Bgl) to

the one-form fields BM* (¢ =1,2). In this final frame, the bosonic spectrum consists of
one graviton, 28 vector fields and 134 scalar fields. In section 2.5 we shall see this is the

spectrum for N = 4 supergravity with 22 vector multiplets.

2.3.3 The Reduction

It is now possible to perform the actual dimensional reduction of the Lagrangian (see
[23] and references therein), dualize the fields as explained above, and end up with a
four-dimensional theory that has a manifest SO(6,22) global symmetry. In this section,
we will mainly present the results of the reduction of the action. The reader interested
in the calculations behind it is referred to Appendix C.

We start by entering the expansions (2.58), (2.59) and (2.60) into the supergravity
action (2.15) and make the field redefinitions as in section 2.3.2. This yields kinetic terms
for all the fields, and a topological term. We then perform the dualizations discussed
above.
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The 22 field strengths in the resulting action are given by
F@it . g
FOut .= g
F5+ .= gAm), (2.64)
FRO _ ga),
FOAT .= gqoMA,
The + index on the field strengths is added for the comparison to N' = 4 supergravity
and holds no significance at this moment. For these gauge bosons and field strengths, we

now introduce an SO(6,22)-index M that runs over i, ¢, 5, 6, and over A. Using this, we
put all field strengths in an SO(6, 22)-vector of field strengths, F)M+  defined as

FOM+ .— (F@it p@ut p@)5+ p2)6+ p2)At) (2.65)

We also define a 28 x 28 matrix M,y that contains 132 out of the 134 scalars; its
definition is in Appendix F. From the definition given there, it can be calculated that
Muyn € SO(6,22). In fact, My spans the coset space [22]

S0(6,22)

. 2.66
SO(6) x SO(22) ( )
The two scalar fields that are not in M,y make up the complex scalar field
1, i
Ti= e Tbij + 56 m, (2.67)
which spans the coset space [22]
SL(2)
) 2.68
SO(2) (2.68)

Using the definitions of FGM+ Mj,n and 7, the action of the field strengths can
then be written as

Sy, = / {Im(r) Masn FEOME A FONT 4 Re(r) Ly FOMH A FONHL - (2.69)

where Ly is the metric on SO(6,22):

0 46 O O 0
0, 0 0 O 0

Lyn = 0o 0 0 -1 0 (2.70)
0 0 -1 0 0

0 0 0 0 nap

This action has a manifest global SO(6,22)-symmetry: let T, € SO(6,22), then the
action is invariant under the transformation

(LML)MN - T (LM L)PR(IT) o,
f’(Q)M—O— N TMR]:(2)R+, (271)
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the other fields being invariant. The transformation of (M ~!) = LML means that M
transforms as
Myn — (T (T~ HP yMop, (2.72)

and we see that eq. (2.69) is invariant under the transformations.

To bring the scalar term in a SO(6, 22)-invariant form, we need to perform the Weyl
rescaling g, — 62¢+"gw,. While this operation leaves Sy invariant, it changes the scalar
term. After a calculation, the main steps of which can be found in Appendix C, the scalar
term becomes:

See = /d4:1:\/fg [R — !

1
———0,TO*T* + —0, My NyO* (LML)MN | . 2.73
2111'12 (7_) S 8 5 MN ( ) ( )
This term is again invariant under the global symmetry given in eq. (2.71).
The action resulting from the compactification of IIA supergravity on a K3 x T? is
therefore given by
Ssc +st (274)

In section 2.5 we will compare this to the literature to see that this is an A/ = 4 super-
gravity action with 22 vector multiplets.

2.4 IIA onY; with Hl(g)—Flux

After compactifying on K3 x T2, we will now perform the compactification on a more
general manifold with SU(2) structure, that we call ¥;. We will also add a flux to the
Hl(g)-ﬁeld. The forms we expand the fields in will no longer be closed. The masses of
the fields will therefore be nonzero, controlled by the parameter that determines the
derivatives of the forms and the H fg)—ﬂux. These same parameters will also determine
the gauging of the theory, as we will see.

2.4.1 The Internal Manifold with H2-Flux

In section 2.2, we discussed some of the properties of a manifold with SU(2) structure.
One of these was the existence of a two one-forms ¢!, i = 1,2, and another was the
existence of a real two-form j and a complex two-form w. This is reminiscent of K3 x T2,
where the two-form j is the Kéhler form of K3 and the complex two-form w determines the
complex structure of K3, spliting into a (2,0) and a (0, 2)-form. However, in comparison
with K3 x T? we now make two generalizations: we set the number of two-forms Q4 to
n, meaning A =1,...,n, and we allow for non-closed two-forms. In particular, we want
to examine what happens for
do' =0,

d0A = D4o' A QP (2.75)

Since we want the forms to be generated by ¢* and Q4, the most general three-form we
can have is a linear combination of o A Q47s.
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Consistency of form derivatives means that we have to make sure that d? = 0 still
holds, and that Stokes’ theorem is still obeyed. These two conditions will translate to
two conditions on the parameters DZ,. First of all, we can calculate that

d*Q* = d (D{po’ A QP)
=—D{pDo" noT NQC (2.76)

1 ) .

This is zero if and only if
D DPy = DSEDf). (2.77)

Furthermore, Stokes’ theorem, in its general form, says that

/dwd—lz/ Wd—1, (2.78)
Yy oY

for Y a d-dimensional manifold with boundary Y, and wy—1 a (d — 1)-form. Since Y7 is
compact it has no boundary, so we need to assure that

/ d(e' AQAAQF) =0 (2.79)
Y1

The derivative gives
d(c" NP AQP) = —0' Aol A (D5 AQP + DO AQY). (2.80)
Performing the integration gives the constraint
n*“DE = —nP°Dg. (2.81)

The integrals on Y; can be defined analogous to those on K3 x T2. The intersection
metric 748 is now defined by

nABel = / o NI ANQANQE, (2.82)
Y1

with n% still symmetric and now a metric with signature (3,n).

Since Y7 possesses an almost product structure, it locally looks like a product of a
four and a two-dimensional manifold. This, again, is reminiscent of K3 x T2, where the
product structure is global. However, an almost product structure already allows us to
split the metric locally into g;; and gap, so we can still define the scalars

e~ = det gap (2.83)
e 21 := det g;. (2.84)

Finally, the definition of H AB in the K3 x T?-case can be generalised to

*O8 = e HB o' A o? A QC. (2.85)
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Again, this matrix contains all the information about the metric apart from e=2~.
In this compactification, we also want to consider an H fg)—ﬂux. This means that we

)

assign a non-zero value to the integral of H 1(8 over a non-trivial three-cycle:

/ HY = kiy (2.86)
[0 AQA]

for [o? A Q4] the Poincaré dual of the three-form ¢® A Q4. Locally, we can add the flux
by adding a term

1
§wabdya A dy® (2.87)
obeying ‘ 4
Diwapdy® A dy® A dy® = kiady® N QA dy® A dy® (2.88)
to B%).

There is a constraint on this flux: we require the Bianchi identity for H{g) to hold.
In other words, we require that
dH3) = 0. (2.89)

Since Q4 is non-closed, this does not automatically hold. Instead, we have to impose

kiADj‘B = k;aD{y. (2.90)

2.4.2 The Spectrum

Let us now turn our attention to the spectrum of the four-dimensional theory. In com-
parison to section 2.3.2, three things have changed: the number of two-forms Q4 has
changed from 22 to n, those same two-forms are no longer closed, and we have added an
H{g)-ﬂux. We will see that the first change leads to a change in the number of lower-
dimensional fields, as could be expected. The second and third changes lead to changes
in the transformation behaviour.

However, some things stay the same. These include the four-dimensional dilaton

¢ = ¢10+ %p. (2.91)
and the expansion of the metric
ds® = v (x)dzPdz” + gap(z,y, z)dzadzb + gij (LE)Vil/j. (2.92)
Here, 1/ is again defined as
V=o' — Gl(tl)i(m)dx“. (2.93)

Since the vector fields G transform like
6:GWE = gt (2.94)

V' is invariant under &, as explained in section 2.3.2
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The only fields from the ten-dimensional metric that are different are the H45, since
A now no longer runs to 22, but to n. We assume the matrix H*5 is still in a coset
space, although this time in the (3n — 9)-dimensional generalization of (2.48),

SO(3,n —3)
SO(3) x SO(n —3)°

(2.95)

It can also still be thought of as parametrizing all but one of the metric moduli of the
four-dimensional part of Y7.

To the expansion of the form field B%) in eq. (2.59) we add the local term (2.87), as
discussed above. The expansion of the fields A%) and C{g) remain formally the same as
in egs. (2.58) and (2.60). However, since the number of two-forms Q24 has now become
n, the number of four-dimensional fields has changed, compared to the compactification
on K3 x T?. We still have one three-form and three two-forms, but we now have n + 4
one-form fields coming from the ten-dimensional formfields. And we have a total of 2n+3
scalars.

By the same reasoning as before, the transformation of the fields coming from CS) we
discussed in section 2.3.2 are still there, necessitating the same field redefinitions (2.62).
But there are new field transformations related to the fact that the Q4 are no longer
closed.

Some of these transformations come from coordinate transformations in the torus
direction:

y' =y + (). (2.96)

The transformation of ten-dimensional fields under this is given in eq. (2.10). As shown
in, for example, [24], for m-forms w("™, this transformation is

where ng(m) is defined as
1 m
Lew(™ = ﬁfywﬁﬂf...ﬂmdx“z Ao Adrtm (2.98)

(m—1)!

For k;4 = 0, the expansion of the B%)—ﬁeld contains a piece by Q4. Under a coordinate
transformation (2.96), then, this transforms as

6cbaQ? = €' DB bE0OA. (2.99)
This means that the action is invariant under the transformation
S¢ba = —¢'DEbp. (2.100)
When k; 4 # 0, this becomes

Jeba = ¢ (kiA + Dg;bB) (2.101)
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by a similar calculation. With the same reasoning we also find that ¢;4 and CM4 have
a similar transformation with respect to &:

Secia = —€" (kkAai + DJBAcz-B) (2.102)
WA = ¢i (D;‘BcU)B - nABijA(l)). (2.103)

The transformation under A also yields a new transformation of the four-dimensional
fields. Nothing changes for the fields coming from A%) and B%), but in the expansion of
2
e 1
AT = AP+ A AV DA A+ A0, (2.104)

we see 24, meaning there will be an additional term to dA%). This term, A D5, 0" AQA,
generates the transformation
MED\mpe. (2.105)

With the redefinitions (2.62), ¢;4 also transforms under the gauge transformation of A,
so we find
oxcia = Aeia + AP D npe. (2.106)

Because of the redefinitions (2.62), this generates the transformation
CWA = A 4 ApA Bl pGVF — \BDAGWF, (2.107)

To obtain the action in the correct, manifestly globally symmetric form, we need to
perform the same dualizations as we did in section 2.3.2. We can read off in appendix B
that the transformations of the dual fields are given by:

§BW = B _ \Ay 5t DB, 0(WC (2.108)
S0 — 4k (2.109)
(5’)/1' =0 (2.110)
(2.111)

1
555 =~V (Dl oD

2.4.3 The Reduction

We will proceed analogous to section 2.3, but in contrast to the reduction there, we will
now find modified field strengths, covariant scalar derivatives and a potential. In this
section, we will mainly present the results of the reduction of the action. The reader
interested in the calculations behind it is referred to Appendix D, where we will also
show the gauge invariance of the action.

As before, we enter the expansions of the A%), B%) and Cﬁg)—ﬁeld into the supergrav-
ity action. We then perform the procedure discussed at the end of section 2.3.2, replacing
the three-form field with its equation of motion and dualizing the two-forms C’Z-(Q) to the
scalars ;, the one-form C’i(jl) to the one-form C(V), the two-form B® to the scalar Bij

and the one-forms B{") to the one-forms B(1*,
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The 6 + n field strengths in the resulting action are given by
F@it . g
FOrt .= gpMe %ngca“pgc“)f‘ ACWE L AW A §itg; ;0 DA,
F@5+ .= qAW)] (2.112)
FA+ .= gc® 4 gk A gy ,0 DA
FOA+ .— qoWA _ gk o DA cWB 4 GOk A o opAB A(),

with 4,5, k=1,2,c=1,2and A,B,C=1,...,n.

Again in close analogy with the reduction on K3 x T, we now introduce an SO(6,n)-
index M that runs over i, ¢, 5, 6, and over A. Using this, we put all field strengths in an
SO(6,n)-vector of field strengths, F)M+  defined as

FOM+ — (F@i+ p@ut g5+ p@)6+ p2)A+) (2.113)

We also define an SO(6,n) matrix Mysn that contains 6n out of the 6n + 2 scalars; its
definition is in Appendix F. M,y spans the coset space

SO(6,n)

_— 2.114
SO(6) x SO(n) ( )
The two scalar fields that are not in M,y make up the complex scalar field
1, i _
Ti= e Tbij + ¢ n (2.115)
with e = /det g;;, which spans the coset space
SL(2)
. 2.116
SO(2) ( )

Using the definitions of F@M+ M,,n and 7, the action of the field strengths can then
be written as

Sps = / {Im(T)MMNf@)M+ A FONT 4 Re(r) Ly w FOME A F W”} , (2117)

where Ljsn is the metric on SO(6,n;R):

0 6 0 0 0
& 0 0 0 0

Lun=| 0 0 0o -1 o0 (2.118)
0 0 -1 0 0
0 0 0 0 mnap

As in section 2.3, we now perform a the Weyl rescaling g,, — e2¢+"g,“,. While
leaving Sy, invariant, changes the potential and scalar term. The scalar term becomes
(see Appendix D):

Sy = / d*z/—g (R

1 1
— ———0,TO" T + DMMMND“(LML)MN> : (2.119)
2Im*(7) 8
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The covariant derivatives of the scalars are given in Appendix D.
The potential can be written in terms of the scalars 7 and My, and after the Weyl
rescaling it becomes:

1 S
R R LA -
- D%D?FUAEUBF (MLL’MABMCD - 2MLBML’AMCD)

+ kian”P DS (MLL/M6BMAC + M,c Mg Map + MLBM6CMAL/>
— kick;pn“nPP (MLL'M66MAB + 2M,p Mg, MGA) }}

Our results can be summarized in the action
Sse + Sts + Spot- (2.121)

For DB, = 0, kia = 0 and n = 22, this reduces to the action of IIA supergravity
compactified on K3 x T2, with field strengths and covariant derivatives given by ordinary
exterior derivatives, and without a potential, that can be found in section 2.3.3. At the
end of the next section, after discussing the general framework of four-dimensional V' = 4
supergravities, we will show the theory we obtained in this section is a gauged N = 4
supergravity when DB, # 0 or k;4 # 0. In Appendix D, we show the gauge invariance of
the action (2.121).

2.5 Four-Dimensional Gauged N = 4 Supergravities

Here, we will give an overview of four-dimensional gauged N' = 4 supergravities, as
described in [19]. The authors of this paper use the formalism of the embedding tensor
as developed in [25]-[30]. The embedding tensor embeds the gauge group of a theory in
the global symmetry of that theory. This formalism is developed to allow us to write
down all possible gaugings of supergravities. In [19] it is used to write down the most
general gauged four-dimensional N = 4 supergravities.

We will go on to show that the four-dimensional theory obtained in section 2.4 is in
fact an example of such a supergravity. This was already expected from the theory in
section 2.2.

2.5.1 Formulation

We will give a short summary of [19], in which the authors describe the general form of
four-dimensional N' = 4 gauged supergravity. In section 2.5.2 we will show this includes
the results in sections 2.3.3 and 2.4.3. Since any four-dimensional ' = 4 supergravity can
be uniquely characterized by its field content and its gauging, we will start by describing
the fields, then the possible gaugings, and finally write down the action.

To write down the most general gauge-invariant action, not only need the fields that
carry degrees of freedom are needed, but also their duals. The bosonic fields that carry
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degrees of freedom are the graviton, the electric vectors and the scalars. The duals of the
electric vectors are the magnetic vectors, and the two-form are the duals of the scalars.
These dual fields have gauge transformations as well, magnetic vectors are used to give
the correct transformation to covariant derivatives, while the two-forms are used for the
field strengths. These magnetic vectors and two-forms do not have kinetic terms in the
action and the equations of motion show that they are dual to the electric vectors and
the scalars respectively. For every gauging, it is possible to select a symplectic frame, i.e.
to specify which vectors are called electric and magnetic, such that the action for this
frame does not contain magnetic vectors or two-forms.

An N = 4, four-dimensional supergravity theory consists of one gravity multiplet
coupled to an arbitrary number, n, of vector multiplets. The theory has a global on-shell

symmetry
SL(2,R) x SO(6,n;R), (2.122)

and the scalars in the theory fall into two coset spaces

SL(2,R) SO(6,n;R)
SO(2,R) ~ 80(6,R) x SO(n,R)’

(2.123)

The coset space SL(2,R)/SO(2,R) is parametrized by the complex scalar 7, or equiva-
lently by an SL(2,R)-matrix Myg (o, 3 = +, —). The definition of M,g and its inverse

M°B in terms of 7 is
1 712 Re(r
T

Im(T) Re(T) 1
aff . 1 1 *Re(’r)
MoP = ) ( Re(r) | ) (2.124)
The coset space
vop SO(6,n;R)

SO(6,R) x SO(n,R) (2.125)
is parametrized by the matrix My ny € SO(6,22;R) (M,N =1,...,n+ 6). It contains
6n scalars.

The theory becomes gauged if a part of the global symmetry becomes local. How the
resulting gauge group is embedded in the symmetry group is encoded in the embedding
tensor ©,,,%. Hereaa=+,—, M =1,...,64+n and a is a general index for all the fields.
In terms of this embedding tensor, a covariant derivative can be written as

Dy =0, — A0, ta, (2.126)

where t, is the generator of the global symmetry (2.122).

The embedding tensor ©,,, can be described by two tensors, fomnp = fajmnp)
and &,ps. To do this, note that the generators of the global symmetry group are split
into tap = t(ap) for SL(2,R) and tyn = tarng for SO(6,n;R). Therefore, ©),,% can be
split into © Maﬁ 7 and ©,,, N, and as explained in [19], these can be further decomposed
into irreducible representations {nas and fovrnvp):

Oua” = &5, 0, NP = o NP ol el (2.127)
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The SO(6, n;R)-metric Ly is used to raise and lower indices.

The most general formulation of a gauged N/ = 4 four-dimensional supergravity, as
found in [19], has &4 ar, €-nr, fomnvp and fopnp all nonzero. However, the compactifi-
cations in this paper will both have £_j; = f_ynp = 0, and we will reduce the formulas
of [19] accordingly in order to increase readability. The only place where we will use the
index @ = +, — is in eq. (2.130), since it is an intrinsic part of that equation.

The theory described only exhibits N = 4 supersymmetry if the embedding tensor
obeys certain constraints. These constraints can be written out in terms of the tensors
éam and founp. For Epr = fopynp = 0, the only constraint that is not trivially
satisfied is

3f muntipq + 260 finpg = 0. (2.128)

Together, the spectrum and the embedding tensor fully determine the action. It has
a kinetic part, a potential part, and a further topological part. The kinetic part is

1 1
Skin = / d*z/—g <R — ———D,mD"7* + D, MynD*(LML)MN >
2Im*(7) 8

+Im(r) My n FOME A« FONT 4 Re(r) Lyn FOM A F ‘”N*}- (2.129)

Incidentally, this kinetic part will look the same for all possible gaugings. Of course, the
covariant derivatives and field strengths will not, as can be seen from their definitions:

DM =dMap + AMVEarMpy, — AMPEcrresae™ Mgy, (2.130)

DMy =dMuyn + 24720, My o, (2.131)
FOM+ _gAM+ _ %f+NPMAN+ AAPT 4 %§+IVIB<2>++, (2.132)

where f+ mnp 1s defined as
femnp = fonnp — ExpuLpn — g€+NLMP~ (2.133)

The magnetic field strengths do not enter in the action, but can still be written down:
14 1
2)M — M- M 4N P— M 2)NP
FOM= —gaAM= 3finp ™A TAAPT - 50+ ~pB® (2.134)
1
- §§+MB(2)+_.
We will encounter these in our compactifications. The potential term is

1
Spot = -3

1
3 / {f+ MNPy @RS Nt [gMMQMNRMPS

2
+ <3LMQ - MMQ) LNRLPS’]

+3§+M§+NM++MMN}. (2.135)
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Finally, the remaining topological term is
Stop = */ {§+MLNPAM ANANT A dATT
1. A

1.
— & BT A <dAM -3 Fror A9t A AR> } (2.136)

2.5.2 Comparison

In this section we will compare the compactification of ITA on K3 x T? (see section 2.3)

and on Y7 with A fg)—ﬂux (see section 2.4) with the above description of four-dimensional
N = 4 supergravity to show that both compactifications result in N' = 4 supergravities.
We will compare the bosonic spectrum, the form of the action and the gauging of the
action, and show how the constraints on the embedding tensor are obeyed.

Compactifying ITA on a K3 x T? gives an ungauged theory, meaning we only have
to compare the bosonic spectrum and the form of the action. The bosonic fields coming
from the reduction are a graviton, 28 vectors

AM*+ .= (W g A o) oAy, (2.137)

a complex scalar 7 and a matrix of scalars M,y that contains 132 scalars. Together,
the scalars span the produc of coset spaces
SL(2,R) y S0(6,22; R)
SO(2,R) =~ SO(6,R) x SO(22,R)"

(2.138)

The action after this dimensional reduction is given in eq. (2.74). Since the spectrum and
action agree with those of an ungauged N = 4 supergravity with 22 vector multiplets,
we conclude that this compactification gives an ungauged A" = 4 supergravity with 22
vector multiplets.

For the SU(2)-structure manifold Y; with Hl(g)—ﬂux, the bosonic spectra coincide as
well, but this time for a general n vector multiplets. In this case, the spectrum contains
a graviton, the scalars in the product of coset spaces

SL(2,R) " SO(6,n;R)
SO(2,R) =~ SO(6,R) x SO(n,R)’

(2.139)

and the 6 + n vectors
AMF = (Wi g 4 M) o4y (2.140)

The gauging of ITA on Y; with Hl(g)—ﬂux agrees with A/ = 4 supergravity for an
embedding tensor that can be determined from the field strengths in eq. (2.112). Since
there are no two-forms in the field strengths, we conclude that

Eemr =0, (2.141)
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meaning that .
f+mnp = fr+unp. (2.142)

The field strengths then agree with the N = 4 field strengths in eq. (2.132) for the choice

friap = —nacD{p,  frisa = —kia, (2.143)

all components with different indices being zero. The scalar derivatives from N = 4
supergravity, given in egs. (2.130) and (2.131), agree with those of ITA on Y; with Hfg)—
flux given in eq. (F.44) for this embedding tensor.

The embedding tensor defined by (2.143) is antisymmetric and satisfies the consistency
constraint (2.128). Antisymmetry holds because, according to eq. (2.81),

nacDip = —npcDiy. (2.144)
Since &1 = 0, the consistency constraint (2.128) reduces to

R

Firpuntipg™ =0 (2.145)

The summation can only be over R = C. The constraint takes two different forms, one
when one of (M, N, P,Q) is 5, and one when none of (M, N, P,Q) is 5. The first form
reads as follows:

frosifiB® = fresifris® =0, (2.146)
or
kicDSp — kjc D = 0. (2.147)
This is true because of eq. (2.90). The second form is
frciafris® — frejafin® =0, (2.148)
or
nepDAADSE — nepDEy D = 0. (2.149)

We can show this holds using eq. (2.90).

Finally, we will show that the action of IIA on Y; with H fg)—ﬂux is the same as the
N = 4 supergravity action. We ahve already seen that the field strengths and covariant
derivatives agree. Between the action of ITA on Y; with Hl(g)—ﬂux (2.121) and the action
of N' = 4 supergravity, then, we only need to compare the topological term and the
potential. We see that there is no topological term in the Yj-action, apart from the one
in Sfs. And in the N' = 4 action (2.136), the only remaining topological term that can
be nonzero, has prefactor

R

FerpanTirio (2.150)

There is antisymmetrization over M, N and P but not over @, since M, N and P are
indices for electric vectors, but @) for a magnetic vector. The sum can only be over R = C,
and choosing @ = i or Q = A gives two different topological terms. However, using (2.81)
and (2.90), we see that all prefactors are zero. To compare the potential, we note that
for an embedding tensor given by eq. (2.143), only the first and third term of the N = 4
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potential (2.135) are non-zero. Writing out the indices shows us that this equals the
potential (2.120) from the compactification. We conclude that ITA supergravity on Y;
with H-flux gives a four-dimensional, N' = 4 gauged supergravity with

friap = —nacDis,  frisa = —kia. (2.151)

as only nonzero components of the embedding tensor.

2.6 IIA on Y,

In this section, we will compactify ITA supergravity on Y5, a more complex manifold with
SU(2)-structure. After some calculations, it can again be cast in the SO(6, n)-symmetric
form and we conclude from section 2.5 that this is, as expected, again an N = 4 gauged
supergravity.

2.6.1 The Internal Manifold

On a generic manifold with SU(2)-structure inspired by K3 x T?, the one- and two-forms
are not necessarily closed. Instead we can have

R )
do' = D', o7 Ao® + DLQ*

2 _ (2.152)
d* = Dot A QP.
Here, i = 1,2 and A =1,...,n as before. On Y, we will restrict ourselves to DY = 0.

We now proceed analogous to section 2.4.1, and define the intersection metric n? as
nABel = / ot AT AQANQE. (2.153)
Y2

Furthermore, requiring d?> = 0 now implies

D{pD}y — DipDfy = D5Diy (2.154)
writing out the indices ¢, j explicitly gives

D§D,,, — DyD,,, = DD, (2.155)

while Stokes’ theorem yields the constraint
—n*BDE = nA°DE, + P D (2.156)

The scalar fields are defined in the same way as before:

e 2 = det gqp (2.157)
6—2n = det g” (2158)
«QOF = e THB 0! A o® AQC. (2.159)
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2.6.2 The Spectrum

This time the internal manifold not only has non-closed two-forms we expand in, also
the one-forms we expand in are nonclosed. The expansion of the ten-dimensional fields,
however, looks the same as in eqgs. (2.49), (2.50) and (2.58)-(2.60). The only difference is
that we again set A, B =1,...,n for n any integer. We make the same redefinitions for
the fields coming from C’l(g) as before, given in eq. (2.62).

But the gauge behavior of the fields has changed. New transformations come from
coordinate transformations in the torus direction and the ten-dimensional gauge trans-
formations. Recalling that the transformation of a form under a torus coordinate trans-
formation

Y=y 4+ (2.160)

is determined by the Lie derivative £_¢ acting on that form, we calculate

L_¢o'=—1codo’ —doyo' = —L5§D;»k0'] Ao = —{JD;kak. (2.161)

This means that a coordinate transformation acting on the metric can be rewritten as
an active transformation for g;; as

0¢gij = —€" (Diigiy + Dijgu) (2.162)
together with an active transformation for G(* as
3G = dg' + ¢k Dy, GV (2.163)

Fields in the expansions of the A%), B%) and C’fg)—ﬁelds with lower indices ¢ transform
in the same way, for example

Sea; = —E8 DY ay. (2.164)

The transformation of all fields under &% is given in appendix F.
Similar to the Yj-case, the A-transformations of the form fields also generate new
transformations for the four-dimensional fields. The reason for this is that the ten-

dimensional A-parameters have ¢*’s in their expansion, so transformations dAgO) and

dA%) receive extra contributions. For example, ¢ AB%) = dA%)7 and

A =AW 4 A (2.165)
Written in terms of the expanded fields, this means that
onbij = Akij, (2.166)

while
5ABY = dA; + AL GO DE. (2.167)

Again, the transformation of all fields under the A-parameters is given in appendix F.
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The transformations of the dual fields is a different matter. From appendix B, it
follows that their transformations are given by:

6BWr = g\t ¢k DL BWr — \Ay 56 DE.CVC + 25" DL,CW (

6CH) = dX +¢+*DL,CM — ADL,GWk (
57 = —€* (Dl — Diyyi) — ADJ, (2.170

(

1
085 = —€" (D3 By + Dy Bit — DiyBij) — 5)\’4 (ciDjy — ¢;pDFy)

2.6.3 The Reduction

This will proceed analogously to section 2.3; however, we will now find modified field
strengths, covariant scalar derivatives, a potential and a topological term. The gauge
invariance of the action is shown and the action is a four-dimensional gauged N = 4
supergravity. Again, we will focus on the results and important steps here, a fuller
account of the calculations can be found in Appendix E.

Just as in section 2.4.3, we start by inserting the expansions of the A:(L%)), B%) and
C’fg)—ﬁelds into the action (2.15), and make the field redefinitions as given in eq. (2.62).
We replace the three-form field C®) with its equations of motion and dualize the fields

c® and C’i(jl). For a nonzero D

. - 2 .
h ij» a linear combination of CZ-( )’s becomes massive by

eating C’Z-(jl):
FO~ = e + aMk (Dﬁacl(j) + Dﬁfjci(l”) +DEC®). (2.172)

Although that makes the procedure of dualizing Ci(z) and Ci(jl) different than in section

2.4.3, the outcome is comparable: two scalars +; and a vector c® (for the detailed
calculation, see Appendix B). Finally, we dualize B® to Bij. In section 2.4.3, we

finished by dualizing Bi(l) to B, but this is not possible here. A linear combination of
Bi(l)’s becomes massive by eating b;;, as we can see from its covariant derivative

Dby := dbi; + GV*DLby; — DEBLY. (2.173)

1)

i
dualizing Ci(2) automatically dualizes C’S ). Since we want to write the action in terms

of scalars and vectors, we do not dualize Bi(l). For the degrees of freedom, this does

not matter: we still have 6n + 2 scalars, 6 + n vectors and one graviton in the bosonic
spectrum, to construct one N’ = 4 gravity multiplet and n N = 4 vector multiplets.
However, we do want to show that the action we obtain with this compactification,
Sy,, is a gauged N = 4 supergravity, by comparing it to the results of [19]. We will
do this in a different way than in section 2.4: we are going to determine the embedding
tensor from the information we have from the compactification. We can then enter the
embedding tensor into the formulation of [19] to see what the action should look like
in the electric frame. We will call this action S,; and we want to show that it is the

Dualizing B, would therefore replace b;; by a dual two-form as well in the same way as
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same as Sy,. In the electrical frame action, we will find a two-form Lagrange multiplier
that is obviously not present in the spectrum of ITA compactified on Y5. Integrating
out this two-form, we will recover Sy,, thus showing that IIA supergravity compactified
on Y, gives a gauged N = 4 supergravity. Note that since the two-form is a Lagrange
multiplier, it does not change the degrees of freedom; both Sy, and S.; describe 6n + 2
scalars, n vectors and one graviton. As we saw in section 2.5, that is the spectrum of
N = 4 supergravity.

We can find the embedding tensor by looking at the covariant derivatives and field
strengths in Sy,. By comparing the field strengths

i i1 @
FOM = dGM - Gk A GV DY, (2.174)
F@5+ .— gA®), ( )
FE6+ .— g6 _ gk A pLEM)| (2.176)
F@A+ ._ goWA _ (k5 (D?Bc(l)B + Dilc(l)A), ( )

to eq. (2.132) we see that &rpr = 0 for M # i. We can also read off most of the

framnp-matrices. To determine f from them, we need to know &, ;.
To find &;; we look at the kinetic term for 7 := —iGUbij +5e~ 7. We perform a Weyl
rescaling g, — 62‘75'*‘7’9,“, to find it is given by

1 1
—— D, D*1* = =D, M, D" M*? 2.1
2Im2(7) b gones ’ (2.178)

where, according to eq. (2.124), M, is defined as

1 iy, )2 —2n _1jy. .
M, = 2¢" ( 76 (€ _blfzij;;;le ] 461 bij > ) (2.179)
1

From the covariant derivative of b;; in eq. (2.173) and that of e™7,

De ™ :=de”" — GW*DL e, (2.180)
we conclude that
DM__ :=dM__ — GW*D M| (2.181)
DM, _ :=dM,_ + iajg,gUijM__, (2.182)
DM, , =dM,, + %eijB,il>ijM+_ +GWEDL M, . (2.183)

Comparing this to eq. (2.130) tells us that &,; = ka.
We now use the definition of fianp in eq. (2.133) to read off the components of the
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embedding tensor in terms of the matrices D, and ij:

§+i = Di'ck»
1ok
frije = §Dij5k:u (2.184)
1
fyise = §ka’
1
friag = —nacDG — =napDf.

2

Some details on this can be found in Appendix E. There, we also show that fi,ap =
—f+iBa and that the embedding tensor satisfies the consistency constraint (2.128).

The scalar part of the action Sy, can be used immediately to check this embedding
tensor. The compactification gives us the following kinetic term for the scalars (see
Appendix E for details):

1
Sse = / d*az/—g {R - O, TOMT* + 5 DM NDH(LML)MN| . (2.185)

2Im?(7)
The covariant derivatives of the scalars My are in agreement with [19] for the embed-
ding tensor (2.184). We also obtain a potential

e2¢+n+p

Spot = = / d“w—g{ —5 " H g bpbe DDy (2.186)

edo+n—p

+ Tg"’“gﬂamaanPDgl

. 1
4 264+ +ppABCDY gy ikl (Dﬂ(ch —ajbg) + iDg?(cmA — ambA)> X

1
<DI§B(CIF —aibp) + gDZz(CnB - aan))
edo+tn

+ TUACHBCQikgﬂ (DPicjp — DEyeip + D (cma — amba)) x

(DkEBClE — DﬁgckE + DI?l(CnB — aan)> }
We can rewrite this potential in terms of scalars in M}y, and using the definitions in
eq. (2.184), rewrite it as

1
Spot -

1
8/{f+MNPf+QRSM++(3MMQMNRMPS—MMQLNRLPS) (2.187)

+ 3§+M§+NM++MMN-}

With embedding tensor (2.184), these are the only terms in the potential (2.135). We
conclude that the scalar section agrees with that of an N' = 4 gauged supergravity.
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As for the field strengths, the action of all of them except for those of Bgl) agrees
with S¢; as well and is given by (we will use the index M to mean that the index M =
is skipped):

S peiny = / {Im(’r) (Mygx — € 20 giaM¥ . MP) FOMH p N+ (2.188)
+ Re(r) Ly g FOM+ A f<2>N+}.

In the action resulting from compactifying ITA on Ys we furthermore find the action for

Bi(l), the one-form coming from B%). This part can not be found in S¢;, and it is given
by
e i () (2)k+ (2)- (2)i—
Spe = o (FPT = FOR ) s (FPT - FOby) (2.189)

L€l (]_-i@)— _ f(Q)kfbik> A <j_-(2)A+CjA — a FOOF _ oy F@)5+

1
+ FOR(B) — ajy + 277ABCjACkB)>

1o o) .
+ e (J’sz) AacDGCHA N CWE —2BM A g5+ A ¢ Dk
+BM AnapF@AT A O<1>BD§k> }

with the field strength ]—"z@)_ defined as

FO= = aB® — gk A pL. BV (2.190)
The electric frame dual of BZ-(I) is given by B, Using the formulation of [19], we
are now going to determine the action for BM* in S,;, and then show that this is dual
to S According to eq. (2.132) and (2.184), the field strength F)+ of B is given

by:

(1) -
B;

- 1. o, _
FO = dBV 4 Zo" (DEGO™ A B 8500 4+ DEEW A AD (2.191)

+nacDGCMA A C(UB) + (Sf%wpkaQH#

We notice the occurrence of a two-form Lagrange multiplier B()++. Using F)** the
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action for BW* in S, is:

777M ’ . 12 Y
SEwi s = / {62“ (FO 4 em2067 g 05" M, FOIH) (2.192)

A * (]:(Q)LI+ + 6_245(5“/9.7-1(5”‘”,ML,,,N.F(2)N+)

17 )
+ %D;;lnB@++ ANFDT — 2Re(7)8;, FOH ADGWI ct(,p},

where we have used the shorthand
.. 1 ~
Liop =€ BY A (577,43?(2)“ ACOB D FRISF A C“)ka) (2.193)
+ € (64 dBY 4 Lpts, gk A pOr 4 Lpk ao) A(l)) A
(2 2 2 L 2 ? J
From this we see that Bi(l) is indeed present as a magnetic vector in the formulation of

[19]. We can now integrate out the two-form field B+ in eq. (2.192) to obtain eq.
(2.189).

We conclude that the field strength term in our theory is given by
Spe= / {Im(T)MMNf(2>M+ A« FON+ L Re(1) Ly n FOM+ A f<2>N+} . (2.194)

whereas a remaining topological term is given by

iJ
Stop = / {;DIT”MB(Q)++ A -7:](2)_ (2.195)

.. 1 ~
+ 7B A (inABf@)A* ANCWBDE — F5+ Cu)ka)

g _ 1 - 1, = _
+ €l <5iLdB(1)L + §D§lc$;uG(1)k ABW: 4 inkC’(l) A A<1>) NFP }

The resulting action,
Ssec + Sps 4+ Spot + Stops (2.196)

reduces for ij = 0 to the action we found in section 2.4.3, and is gauge-invariant, as we
show in Appendix E. It is in agreement with [19] and we conclude that compactifying
ITA supergravity on a manifold with SU(2)-structure does indeed give N = 4 four-
dimensional gauged supergravities. To our knowledge, it is the first such theory obtained
from dimensional reduction in which fyanp # 0 and €43 # 0 simultaneously.
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Chapter 3

Explicit Construction of
SU(2)-Structure Manifolds

In this chapter, we will explicitly construct a set of SU(2)-structure manifolds and com-
pactify ITA supergravity on manifolds in this set to obtain gauged four-dimensional N = 4
supergravities. In contrast to Chapter 2, the manifolds constructed in this chapter will
be based on T? and K3, setting n = 22 instead of allowing for all values of n. For this one
value of n, we find more gaugings than we did in section 2.4. More specifically, we will
show that the gaugings we find here can be split into three classes, the first equivalent
to allowing the two-forms to be non-closed, determined by Dﬁu the second equivalent

to adding an H fg)—ﬂux. The third class of gaugings we find here was not discovered in
Chapter 2. We will offer an interpretation for this class.

The construction we will use is based on a Scherk-Schwarz duality twist reduction
[31] of a half-maximal supergravity in six dimensions. A Scherk-Schwarz duality twist
reduction is a dimensional reduction that can be used to construct gauged supergravities
from higher-dimensional supergravities. The internal manifold is a torus, and in the
reduction ansatz, the fields depend on the torus coordinate in such a way that when we
follow a path around the torus, the fields come back to themselves up to a symmetry
transformation. The symmetry that the fields are twisted by then determines the gauge
symmetry of the dimensionally-reduced theory. In section 3.1, we will perform a Scherk-
Schwarz duality twist reduction of a six-dimensional half-maximal supergravity to four
dimensions.

The half-maximal supergravity in question is obtained by reducing ITA supergravity
on a K3, and it has a global SO(4, 20)-symmetry. It can also be shown that the string
theory behind it has a smaller symmetry: a global SO(4,20;Z)-symmetry [32]. This
smaller subgroup is the group we use for the Scherk-Schwarz duality twist.

The Scherk-Schwarz duality twist reduction using the discrete symmetry group yields
a four-dimensional N/ = 4 gauged supergravity with 22 vector multiplets where the
gauging can be split into three classes. As mentioned above, one of those classes can
be interpreted as the parameter controlling the fact that the two-forms are nonclosed,
or equivalently, controlling the twist of the K3 over the T2, and the second class can
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be interpreted as the parameter that determines the Hl(g)—ﬂux of the ten-dimensional
theory. We will argue that the third class could be a mirror flux, an H fg)—ﬂux applied to
the mirror of the K3 in the internal space.

The context of this research is that of the duality ([33], [34], [35], [36]) between het-
erotic string theory on T and ITA string theory on K3. Just as we give an interpretation
to the different classes of gaugings on the ITA side here, we interpret the different classes
of gaugings on the heterotic side in [37] This interpretation includes results found in
[38] and [31], as well as a new class of parameters interpreted by our collaborator R.
Reid-Edwards.

We will start by reviewing the compactification of ITA supergravity on K3, and then
we will perform a Scherk-Schwarz duality twist reduction on the resulting six-dimensional
action. We will then show that the most general twist is made up of three different classes
of parameters, and we will relate two of these classes to the gaugings we have described

in section 2.4. We finally offer an interpretation of the remaining class of parameters.

3.1 Scherk-Schwarz Duality Twist Reduction to Four
Dimensions

To compactify ITA supergravity on a K3, a reduction procedure similar to the one outlined
in section 2.3 is performed. The field expansions given in eqgs. (2.49), (2.50) and (2.58)-
(2.60) still hold, albeit without the T2-expansions. These fields are entered into the
action (2.15) and the action is then integrated over K3. Finally, the three-form C® is
dualized to a vector. For more detail on this procedure, see [39).

The resulting action is best written in terms of an SO(4,20)-matrix that we call
Mg 17, given by

e P+ nACHBCbAbB + ePe? efe —HCBbC — ePbge
Mgy := efe e —e’bp (3.1)
—HC bo — ePbae —e’ba MmacHCg + e’babp

with e := %nABbAbB. It obeys

Merx L% " Mgy = L1, Mers = Me 1, (3.2)
with Lg given by
0 -1 0
Lers=| -1 0o o |. (3.3)
0 0 mnas

Counting the scalar fields tells us that Mg contains 80 scalar degrees of freedom. It
can be shown that ([40],[32])

SO(4,20)
SO(4) x SO(20)°

Mgy € (34)

In the theory are also a metric, a dilaton ¢ and a two-form field Béz), and 24 gauge
fields. Of these gauge fields, one comes from the ten-dimensional gauge field, 22 from the
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expansion of the three-form field in the two-forms of K3, and the last one is the dual of
the three-form field in six dimensions. The six-dimensional supergravity action (this can
be found, for example, in [39]) is given by

1
Se = / {df&/—ge,e?% (R6 + 4001 p60™M b + gE)MMﬁI(]aM(LGMGLﬁ)”) (3.5)
e~ 2%
2

1 1
+ e NG+ S Mo 1 F ARFE = DL 15Bs A FGT A fég)‘]}.

The field strengths are

H» = aB{?, (3.6)
FOT = aaM". (3.7)

This action is invariant under an SO(4,20; R) global symmetry:
Mg — (@ HTMeQ ", ALY — AlY, (3.8)

where
QLeOT = L. (3.9)

In [32], it was shown that the discrete subgroup SO(4,20;Z) C SO(4,20;R) is the sym-
metry group of the underlying string theory.

We will now perform a Scherk-Schwarz duality twist reduction of the six-dimensional
N = 2 supergravity we discussed in the last section, following the procedure outlined in
[31]. We will reduce on a T2 with coordinates 3* such that y* ~ 3 + 1 and twist the fields
over this space. That means that the fields acquire a monodromy, depending on the twist,
upon circumnavigating the T2. The reduction is well-defined when this monodromy is an
element of the global symmetry group; in that case, we are identifying two symmetric field
configurations. The global symmetry group of the supergravity action is SO(4,20;R),
however, with the application to the ITA /heterotic duality in mind, we constrain ourselves
to monodromies lying in the symmetry group of the string theory, SO(4,20;Z).

Let us now concretely say what we mean when we twist fields by SO(4,20). The
six-dimensional metric, dilaton and the two-form field do not transform under SO(4, 20);
their reduction Ansétze are

dsg = dsj + gV’ @V, (3.10)
. 1 ) .
BéQ) — B(2) + Bl(l) AV + §bijl/1 AV, (312)

The scalars Mg ; and one-forms Aél)I do transform under SO(4,20), their reduction
Ansétze are

AT = (e (A(w + a;f,,j) , (3.13)

Moy = (e_ytT)IKMKL(e_yt)LJ- (3.14)
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Here, we have denoted the 24 x 24-scalar matrix M k1, to avoid confusion with the 28 x 28
scalar matrix M,y that we will use later on. The twist matrix (ety)‘] 1 is defined as

() =1+y'ty” + %yiyjtithjKJ SR (3.15)
The matrices t;;7 are chosen such that
(e¥')! 1 € SO(4,20) (3.16)
for all y* € T?. This requirement is tantamount to requiring
Lixtig™ = —Lyrti™. (3.17)
Requiring that d? = 0 gives us the requirement
tir“tix” =t tix”. (3.18)

We already said that the monodromy fields acquire after going around the 72 must be
in the global symmetry group of the theory. This means that

(e')7; € SO(4,20;Z), i=1,2. (3.19)

Finally, when we enter the expansions (3.10)-(3.14) into the action, we find that the
y-dependence drops out, so we can integrate over T2.
We can see that the four-dimensional theory is gauged by looking at the field strengths

and covariant derivatives. Let us take the six-dimensional field strength féz)l as an

example. We enter the expansion (3.13) into Fé2)1 = dAél)I, and since
d(e)’r = ()%, (tiKJVi + tiKJG(l)i), (3.20)
we find
FOL_ (gt <(f<2>J _ fcmag) (3.21)

1 . _
+ Da;jlﬂ + 3 (t”{‘]af — th‘]azK)VZ A I/J).
The field strength and covariant derivative

FOI = gAWT 1 GOF A gy T ALK (3.22)
Dal = dal — AVK !+ GWFy T (3.23)

K3
agree with the transformation laws of the fields that can be obtained in the same we
way obtained them in section 2.4.2. The full spectrum, its transformation and its field
strengths and covariant derivatives can be found in Appendix F.
From the reduction, we want to obtain a four-dimensional theory that is cast in
the same form as the N' = 4 gauged supergravities described in section 2.5, to allow
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for comparison. To do this, we first enter the Ansédtze (3.10)-(3.14) into the action
(3.5), and then follow a procedure very similar to the second half of the procedure of
the compactification of ITA on Y] (see section 2.4 and Appendix D for calculations):
we dualize the two-form B to a scalar 3;; and the one-forms B; to one-forms B* (see
Appendix B for an explanation on how to dualize fields). We end by performing a Weyl
rescaling g,, — e2¢+7’gw. The final action we find is

S = / {d‘*;v\/—g(R - 0" + %D#MMND“(LML)MN +V)

L
21m2(7')
+ Im(7) My FOME A« FONT 4 Re(1) Ly FEMT A }"(Q)NJF}- (3.24)

Here, we have used the definitions

1 .. )
R Zfzjbij + %6*7]7 (3.25)

e KL e IK L

Vv ::Zt t M, LijLgr + Et t M,y M, Mgy, (326)

el ’
o ZtLIKtL JLMLL/ MIJMKL-

while the scalar matrix My is in SO(6,22) and is given in Appendix F.

It is easy to see that this action is a four-dimensional N' = 4 gauged supergravity. The
spectrum and the form of the action correspond to a N' = 4 gauged supergravity with 22
vector multiplets as described in section 2.5. Furthermore, from the field strengths

Fi=dGqWr, (3.27)
F*=dB' — %L.;Kéut”KAl ANA7 (3.28)
FI = dA" + Gk Aty TAK (3.29)
we can infer that the embedding tensor is given by
frirs = Lexctis™, (3.30)

all other components being zero. This embedding tensor obeys the constraint given in
eq. (2.128) because of eq. (3.18), while eq. (3.17) tells us that the embedding tensor is
antisymmetric in its indices. The form of the covariant derivatives and of the potential
confirms that we are looking at a four-dimensional A" = 4 gauged supergravity.

The action is invariant under the gauge transformations given in Appendix F. The
argument for this is akin to the one given in Appendix D: we use the transformation rules
in Appendix F, together with the constraints (3.17) and (3.18) to show that 6V = 0.

Let us compare the embedding tensor (3.30) to the one we found in our compactifi-
cations on Y7 in eq. (2.151). First of all, it should be noted that on Y7, we allowed for
any integer m, whereas here we are restricting to n = 22. In this sense, the manifolds
discussed here are more restricted than Y;. However, for n = 22, the embedding tensor
(3.30) possibly contains more parameters than the one given in eq. (2.151), since I,J
runs over 1,...,24, whereas A, B in eq. (2.151) runs over 1,...,22. In the next section,
we will take a closer look at the monodromies allowed by the Scherk-Schwarz procedure,
and relate them to the ones in eq. (2.151).
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3.2 Interpreting the Different Monodromies

We are now going to give a ten-dimensional interpretation of the different classes of
monodromies in the SO(4,20;Z)-twist. Let us first describe the generators of these
classes.

We want to find the generators of SO(4,20)-matrices written as (e¥!)’;, with the
requirement that (e?)’; € SO(4,20;Z). As described before, this requirement is due to
the fact that for y! = 1 or y? = 1, the fields twisted by (e¥)”; should be related to the
untwisted fields by a symmetry of the theory. Since the symmetry group of the string
theory is SO(4, 20; Z), we require (e*)’; € SO(4,20;Z).

This knowledge enables us to find the generators of the twist, together with con-
straints on these generators. According to Aspinwall and Morrison [32], twist matrices
in SO(4,20;Z) are generated, in the K3-case, by SO(3,19;Z), Z>' and a Z,. We can
see this as follows. The fact that

(¥’ € SO(4,20)  VyeT? (3.31)
imposes the condition that f + LT fTL = 0, which is solved by
ai 0 1n7"gic
ti?! = 0 —a; n%%hic |, (3.32)
hia  gia EB,
with arbitrary a;, g;a and h;4, while

CEE +nBYEL = 0. (3.33)

However, requiring that (e')’; € SO(4,20;Z) excludes a;, since that would mean that
e € 7, and e~ € Z, which is only possible for a; = 0. Finally, we can calculate that

LTe¥9 ] = e~¥h, (3.34)
Here,
0 0 7P%.c
gr’=10 0 0 (3.35)
0 gia 0
and
0 0 0
hir! = 0 0 %% |. (3.36)
hia 0 0

We conclude that the SO(4, 20; Z)-twists are generated by SO(3,19;Z) mapping to EZ,,
731 mapping to h;4, and a Zg in the form of L that interchanges h;4 and g;4.
We will use this decomposition to interpret the Scherk-Schwarz twist on the ITA side.

We will find that turning on E5, corresponds to the SU(2)-structure manifold ¥; with

n = 22, while turning on g;4 corresponds to an Hl(g)-ﬂux. Finally, we will discuss how

to interpret h;4 and what all of this tells us about SU(2)-structure manifolds.
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3.2.1 K3 Fibered over T?

We will first show that compactifying ITA on Y; with 22 two-forms is equivalent to a
twist by a SO(3,19;Z)-monodromy. This monodromy is implemented by a twist matrix

0
0

B
EiA

00
ti’ =1 0 0 (3.37)
00

where (eZ)P 4 € SO(3,19;Z) for i = 1,2.

Both reductions give a four-dimensional, N' = 4 supergravity with 22 multiplets. For
IIA on Y7, we have seen this in section 2.4. For a Scherk-Schwarz twist compactification
of d = 6, N = 2 supergravity we have seen this in section 3.1. To compare the two
theories further, we will split the SO(4, 20)-index M in the latter case exactly as we did
in the former case: we split up the index I into 5,6 and A. Eq. (3.22) then tells us that
the field strengths exactly equal those in the compactification of ITA supergravity on Y;
for the choice EB, = DB,. We conclude that the compactification of ITA supergravity on
Y1 with n = 22 is equivalent to the compactification of IIA supergravity on K3, further
compactified by an SO(3,19;Z) Scherk-Schwarz reduction over T2.

In fact, it is possible to interpret Y; for n = 22 as K3 twisted over T? by an
SO(3,19;Z)-monodromy. Let us re-examine the Ansitze (3.10)-(3.14) for t;;/ given
by (3.37). In these, all the six-dimensional fields coming from the expansion of the ten-
dimensional fields in the K3 2-forms Q4 are twisted by the SO(3,19;Z)-monodromy.
Equivalently, we can twist the 2-forms Q4 by setting

Q4 — 4 = (V)1 08, (3.38)
These twisted two-forms obey
dY4 = EB o ANQYVB, (3.39)

exactly as in eq. (2.75). So Y; with twenty-two two-forms is a K3 twisted over 72 by an
SO(3,19; Z)-monodromy.

3.2.2 Including Hl(‘g)—Flux

We will now argue that turning on an H l(g)—ﬂux on Y7 with n = 22, as described in section
2.4, is equivalent to turning on g;4 and E5, in eq. (3.32). In this case, the monodromy
is given by
0 0 7%c
tii’ =10 0 0 : (3.40)
0 gia EB
We already know, from sections 2.4 and 3.1, that both these compactifications yield an
N = 4 gauged supergravity with 22 vector multiplets. To show that the lower-dimensional
actions are the same, we need only look at the gauging.
We can determine the gauging of both theories from the field strengths, since the
only non-zero component of the embedding tensor is finp. The field strengths of ITA
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compactified on Y; with Hl(g)—ﬂux are given in eq. (2.112). To compare these with the
field strengths of the Scherk-Schwarz twist, we once again split the index I in 5,6 and A;
eq. (3.22) then shows us that the field strengths in the Scherk-Schwarz reduction are the

same as those in the reduction on Y; with H {g)—ﬂux, in the case that n = 22.
That turning on an H :Eg)—ﬁux corresponds to performing a duality twist reduction with
(e¥9)7 | as twist matrix could have been expected. Turning on an H fg)—ﬂux is equivalent

to requiring that, for [w] the cycle dual to the form w,
/ HY = k4. (3.41)
(i AQA]

To show that a duality twist by (¢¥9);” exhibits the same behavior, we must show that

/ deba = kia. (3.42)
[o°]
Since the twisted matrix . X
(e7%9 ) M Mycp(e7¥9)", (3.43)
equals the original matrix M7y, with the subsitution
ba — ba +y'gia, (3.44)
we see that .
deba = dba + 0'k;a, (3.45)

such that eq. (3.42) holds.

3.2.3 Mirrorfold

We would now like to offer an interpretation for the last generator of the SO(4,20;Z)-
twists, h;a. According to eq. (3.34), h;a can be interpreted as an Hfg)—ﬂux, applied
to a Zo-conjugate theory. According to Aspinwall, the final Zs corresponds to a mirror
map, an N = 4 equivalent of mirror symmetry. This means that h;4 would correspond
to performing a mirror symmetry, applying an H 1(3)—ﬂux7 and then performing a mirror
symmetry again.

We have not been able to offer any concrete proof for this. For compactifications to
N = 2 supergravities, mirror symmetry interchanges complex and complexified Kéhler
moduli. The complex moduli are the moduli that determine the complex structure of
the internal manifold, whereas the complexified Kéahler moduli determine the Ké&hler
structure and the B-field on the internal manifold. For a K3, the matrix H45 contains
both complex and Kahler moduli, and it is not a priori clear how one could interchange
them without knowing exactly how H“5 depends on these moduli. Walton ([41]), for

exampls, suggests that the metric moduli can be written roughly as

8945 = VAU, (3.46)
(;gab = ZA(eacQAcb + 6ch)ACa)y (347)
69ap = (6gab)™ (3.48)
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with v4 being real and z4 complex. This could be used to write HAB in terms of the
Kahler moduli v4 and the complex moduli z4. Mirror symmetry should then exchange

VA +1ba > za. (3.49)

This could give a strong hint of mirror symmetry and warrants, in our opinion, further
research.
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Chapter 4

Summary, Conclusion and

Outlook

In this thesis, we have discussed the compactification of IIA supergravity on manifolds
with SU(2)-structure. These manifolds can be seen as generalizations of K3 x T?, and we
have seen how compactifying ITA supergravity on SU(2)-structure manifolds generalizes
the known results for ITA supergravity on K3 x T2. The two results we have generalized
are the compactification of IIA supergravity on K3 x T2, and the duality between IIA
on K3 x T? and heterotic on T°.

We have seen that these compactifications produce different gauged N = 4 super-
gravities. Compactifying ITA on Y; with H fg)-ﬂux, we found a gauged supergravity, with
the gauging determined by the parameters used to specify the SU(2)-structure, namely
DZBA, and the H fg)—ﬂux, namely k;4. Requiring d?> = 0 and Stokes’ theorem to still hold
gave us the constraints on the parameters that make the theory invariant under gauged
transformations. After the dualization of fields we could compare the spectrum and the
action to the literature [19], and we have seen that this is an N' = 4 gauged supergravity
with N vector multiplets, where n is the number of two-forms of the internal manifold.
In the language of [19], one of the tensors that make up the embedding tensor is non-zero,
namely fiynp.

Compactifying ITA supergravity on Ys, we have again found a gauged supergravity.
The gauging in this case is determined by the two tensors ij and Df4 that specify
the SU(2)-structure. Once more, requiring d> = 0 and Stokes’ theorem provides the
constraints on ij and DZ, that make the theory gauge invariant. In this case, not all
the dualizations of fields that we did for ITA on Y7 are possible. Instead, we identify the
embedding tensor and then dualize a field in the action of [19] to obtain the same action
we got from the compactification. The reason that we had to follow this procedure is
that two of the four tensors that make up the embedding tensor, fiynp and £4py, are
now turned on. As far as we are aware, this is the first compactification to a gauged
supergravity such that these two tensors are turned on similarly.

In both the compactifications of ITA supergravity on Y; and Y5, we have not been
able to calculate the reduction of the Ricci scalar completely. Based on analogy with
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the compactification on K3 x T2, we have assumed that terms in the Ricci scalar for
which all indices lie in the four-dimensional component of Y7 or Y5 vanish or cancel each
other out. We have furthermore assumed that the fields e ” and H%, that come from
the metric on the four-dimensional component, transform in such a way that the theory
is gauge-invariant. Since the transformations of all the other fields could be calculated
directly from the reduction, this assumption told us the exact transformation of e™” and
H AB. The problem underlying this issue is that it does not seem clear how, precisely, the
metric of K3, gqp, is related to the moduli fields H AB. This prohibits us from calculating
exactly how the kinetic and potential terms for H AB arise from the Ricci scalar when we
compactify on Y; and Y;. Further study into this matter will be necessary to be able to
explicitly calculate the reduction of the Ricci scalar on manifolds with SU(2)-structure
like the ones we have studied here.

In Chapter 3, we have provided an explicit construction of a set of SU(2)-structure
manifolds. Our starting point here was the six-dimensional supergravity obtained from
compactifying ITA on a K3. We have shown that performing a Scherk-Schwarz duality
twist reduction of this theory gives an N/ = gauged four-dimensional supergravity. We
have shown that every twist can be characterised by three components. We have identified
one of these components, Eﬁu with the Dﬁ—parameters of Y7 when Y7 has 22 two-forms.

A second component, g; 4, has been identified with the H 1(3)-ﬂux parameter k; 4. We have

conjectured that the third component can be interpreted as H fg)—ﬂux applied to a mirror
K3.

It would now be interesting to see what supergravity results from the compactification
of ITA supergravity on more general manifolds with SU(2)-structure. The most general
prescription for the derivatives of the forms is

1 ,
do" = iD,’dUlC Aol 4+ DLYOA, (4.1)
dQ* = DB o' A QA (4.2)

In this thesis, we have kept D’ zero, but it could be turned on. On this manifold with

SU(2)-structure, Y3, we could then apply H {g)—ﬁuxes and also give fluxes to the Ramond-
Ramond field. Finally, we could see how the mirror flux we conjectured in section 3.2.3
fits in all of this: is this an artifact of the specific compactification we studied in Chapter
3, or can this be applied to other manifolds with SU(2)-structure as well?

One way to provide evidence that the Zs-transformation discussed in section 3.2.3
is really reminiscent of mirror symmetry is to look at the complex, Kahler, and B-field
moduli of the internal manifold. Mirror symmetry is known to interchange the complex
moduli with the complexified Kdhler moduli, complex moduli fields made out of Kéahler
and B-field moduli. However, for a K3 and the extensions of K3 we have studied here,
both the complex and the Kéhler moduli reside in the same matrix H AB. Since we have
been unable to find what H4, looks like in terms of the individual moduli, we have not
been able to show that the complex and complexified Kahler moduli are interchanged
under the Zs-transformation.

The explicit constructions of SU(2)-structure manifolds in Chapter 3 were inspired
by the duality between IIA string theory on K3 and heterotic string theory on T%. It is
possible to split the gaugings obtained from the Scherk-Schwarz duality twist in such a
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way that they can be interpreted in a heterotic supergravity framework as well. We hope
to further report on this issue in [37].
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Appendix A

Differential Forms

Let M be a d-dimensional manifold with local coordinates z?, i = 1,...,d. An m-form
w(™) is defined as 1
w(™ = ngn)i’ dz™ A -+ Adz'™. (A1)

Given an m-form w(™ and an n-form x("), their wedge product is defined as

wAX = Twz(l--)-imXE'l-)..jmdx“ N Ndzt™ Ndx?t A A da (A.2)
m!n!

The exterior derivative d acts on w(™) as
A

L ) g -
dw™ = %3jwz(1.)'nldx3 Adz®t A - A dxte (A.3)

From the definition, it is clear that d?w = 0. Furthermore, Stokes’ theorem says that for
N an r-dimensional submanifold of M, and w1 an r — 1-form,

/dw(r_l):/ W=, (A.4)
N N

The Hodge star operator * takes an m-form to a (d — m)-form:

1 1 o , 4
77&)2( )Z 67,1...2m7; ; dzim+1 A - A dzxte. (A5)
Vgl mlld = )t “irin i

Here, €'t is the fully antisymmetric tensor that obeys e'¢ = 1. Indices are lowered
by the metric g;; with determinant g such that

*w(™) =

i1 edpipg1and _ T
ettt e inia = 9(d —p)!(sjl_“j:, (A.6)

where 6;1;’; is an antisymmetrized product of delta-functions obeying

S, @ ) (A7)

J1eJp t10p Ji---Jp”
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With these definitions, it can be shown that

1 o m
w(m) A *X(m) = _%w(m)ll.--lmxgl..?im /|g\dm1 A A dxd (A8)

on a Lorentzian manifold. On a Euclidean manifold, the minus sign would be absent.
Also,

kM) = (1 ymld=m) ,(m) (A.9)
holds for a Lorentzian manifold, while there would, again, be one minus sign less on

a Euclidean manifold. Finally, if the metric is block-diagonal and splits into D and
(d — D)-dimensional blocks, the Hodge star splits into two parts:

% q(F NG = (=1)™ 5q_p FT A g™ (A.10)
for F(™ an n-form defined on the (d — D)-dimensional part, and ™) an m-form defined
on the D-dimensional part.

The mth de Rham cohomology group H™ (M) is defined as the group of closed forms
quotiented out by the exact forms

m . Zm(M)
H (M) o W, (A..].l)
with
Zm(M) = {w(m)|dw(m) - o}. (A.12)

The dimension of the mth cohomology group of M is called the mth Betti number b™ (M)
of M. Poincaré duality implies that, in fact, there is a bijection

H" (M) = HY=™(M), (A.13)

so b™(M) = bd=™(M).
On a complex or almost complex manifold, an m-form w™) can locally be written in

complex coordinates z*:

1 A . , .
wm = Mg A Az AdE A A dE (A.14)
7”!8! i1 ipJ1---Jq

for some integer p,q > 0 such that m = p + ¢. Such a form is then called a (p, q)-form,
and the vector space of such forms is denoted Q79(M). This means that

o) = @ arm). (A.15)
pt+g=m

Therefore, every m-form in the cohomology group H™ (M) can be written as a sum of
(p, q)-forms, with p + ¢ = m. The Hodge numbers b9 indicate the number of linearly
independent (p, ¢)-forms we have in H™(M). All these numbers can be written down in
the Hodge diamond, which looks like
b0,0
bl,O bO,l

pm0  pm—1,1 .. ptm—=1 p0.m (A.16)

bm,m—l bm—l,m

pm.m
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Appendix B

Bosonic Fields and their Duals

Using Hodge duality, it is possible to rewrite an action S[A®) dA®)] for a p-form field
A®) as an action for a dual ¢-form field D@, We will first describe how to do this for
massless fields, as described in, for example, [42] and then move on to massive fields, as
described in, for example, [43].

For this procedure, we will often make use of the Euler-Lagrange equation. Since
we are working with form fields, we want to find an expression of the Euler-Lagrange
equation that applies to form fields. The action is left invariant under a transformation
AP — A®) 4 AP which means that

oL 5L
— 56 — (NN hdad (P)
0-58-/{6/1 A(SA(P>+6(dA )A }

SdAP)
oL oL oL
_ (p) A 2~ (p) _(—1\P5 4P
—/{5A A SAD +d (5(A YA 6dA(P)) (=1)P0A /\dédA(P) } (B.1)
Our convention for functional form derivatives is that
1)
_° (q) (p) ™Y = (_1\yPaR@ (r)
SAD (B NAP NC )_( 1HPaBlo A CH, (B.2)

The total derivative term is zero since we assume the variation of A®) goes to zero at
infinity. Therefore we conclude that
oL oL

R G Y 2 S —
SA®) (=1) SdA®) (B-3)

B.1 Massless

In d dimensions, a massless p-form field has (d;2) degrees of freedom. For d = 4, this
means that a two-form field and a scalar have the same number of degrees of freedom.
We could describe those degrees of freedom by a two-form or by a scalar, we are free to
choose which. For example, if we had a two-form B with kinetic term

1
5dB<2> A xdB®, (B.4)
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we could also interpret this as the kinetic form of a scalar field ¢, called the dual field of
B®@) with *dB® (a one-form) as its derivative.
By the same reasoning, a one-form A with kinetic term

1
5dA<1> A xd AW (B.5)

can equivalently be described by a dual one-form field with *dA™M) as its fieldstrength.
In the following two sections we will show what the action looks like in terms of these
dual fields.

B.1.1 One-Form

Consider the action
Sea) = / {g(f@) — I AR(F@ - @) - FO A K } (B.6)

with F®) = dC™. Now treat F?) as an independent field and write a new action St

with a Lagrange-multiplier D) that enforces the Bianchi-identity dF (3 = 0:

o = / {g(f@) — T Ax(FO — g3 (B.7)

_F@ A K® _ p A df@)}_

Now we can determine the equation of motion of F(?) and use that to eliminate it from
the action. The result is

iy = /{;(dp(” + K@) A x(dDW + K®) (B.8)
g
— (dDW + K@) A J(Q)}.

Let us now see how to determine the transformation behavior of the dual field D).
First of all, it is clear that both (B.7) and (B.8) are invariant under

DM = dx. (B.9)

Furthermore, since in equation (B.6), F ) = @CM| the topological term is invariant
under a transformation

SK® =ar®. (B.10)
The form of T(}) depends on the fields that K2 consists of. However, in equation (B.7),
F@) is no longer dC), and therefore the term F® A K2 is not invariant under the
transformation (B.10) anymore. This means that the Lagrange multiplier DM must

transform as
6DW = 7). (B.11)

This means that the term (dD®) + K()) which appears in the final action (B.8) is
invariant.
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B.1.2 Two-Form

Consider the action
— a H®) (3) H® (3)
+ L THG) A AW
56 i '

Here, H®) := dB®?). We want to write the action in terms of the dual scalar 3;; = —f3;;
for ¢,j € {1,2}, since this is the dualization we perform in the main text. Note that (;;
is only one independent scalar field. We first write down the equivalent action

L = / {g (MO = @) s (O — ) (B.13)
Loija,3) x40 14 (3)
+ 56 H A Aij — 56 ﬁ”dH .

Again, H®) is now an arbitrary field and Sp@) can be regained by integrating out Bij-
But by determining the equation of motion for H®), and using that to eliminate ()
from the action, we get the dual action

_ 9 ik gl ) (1)
Sg,, = / {4&9 g (dﬁij — A ) A (dﬂkl — Al ) (B.14)
L i 1 3
+ e (dﬁij—Aij ) ANT® S
Here, g := det (g;;) and we have used

€T B = 299" g7 Bijvmi (B.15)

for arbitrary antisymmetric 38;; and ;.

Again, depending on the transformations of Al(-jl-), Bij may acquire non-trivial trans-
formations

B.2 Massive

A massive p-form field in d dimensions has (dgl) degrees of freedom. Taking d = 4 again,
this means that while a massless one-form is dual to another massless one-form, and a
massless two-form to a massless scalar, a massive one-form is dual to a massive two-form.
Furthermore, if, for example, a two-form field becomes massive through a Stueckelberg
mechanism, we can interpret that in terms of massless fields: a massless two-form field,
having one degree of freedom, becomes massive by eating a massless one-form field. In
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that process it acquires two more degrees of freedom, so it has the three degrees of freedom
of a massive two-form. We can dualize this to a vector with two degrees of freedom, that
becomes massive by eating a scalar, giving it one more degree of freedom. We want to
work out the details for this interpretation.

To illustrate the main concepts, we will first describe the easiest case, of one two-form
field B®) that eats one one-form C'"). The action here is

1 1
53(2)7C<1) = / {27‘((3) AxH®) 4 5.7:(2) A *7(2)} , (B.16)
with
H®) .= dB®, (B.17)
F@ = qgc® + mB®. (B.18)

We can write this action as
1 1
SH(3),B<2),C(1) = / {—QH(S) AN *H(g) + dB(Q) A\ *H(S) + 5.7(2) A *]:-(2)} R (B.lg)

which reduces to the former action if we invoke the equation of motion for H®).

Now the Hodge dual of H(®) is a one-form, and we want to describe the action in terms
of this one-form. In the massless case, this one-form can be written as the derivative of a
scalar, in the massive case we know there must also be a one-form that cannot be written
as a derivative. Since everything must reduce to the massless case for m = 0, we write

«sH® =: dp 4+ mCWD), (B.20)

From this equation, we can immediately determine the transformation behavior of the
dual fields, as they must transform in such a way that the right hand side and the left
hand side have the same transformation.

The equation of motion for B(®) gives us the equations

F@ = 4 do® (B.21)
xF? =aCcW, (B.22)

and plugging this into the action, together with the expression for *H®) | gives us the
action of the dualized fields ¢ and C'V):

1 ~ ~ 1~ .
Syem = / {2(d¢ +mCM) A x(dp+mCH) + 5czc<1> A *dcﬂ)} . (B.23)

Note that the degrees of freedom are left unchanged: we started with a massless one
and two-form, corresponding to three degrees of freedom, or equivalently a two-form
that became massive through eating a one-form, also corresponding to three degrees of
freedom. We end with a massless scalar and one-form, corresponding to three degrees of
freedom, or equivalently a massive one-form that has eaten a scalar, also corresponding
to three degrees of freedom.
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We will now describe the dualization of massive two-forms Ci(z) that eat a one-form

Ci(jl) (i,7 € {1,2}), which we will use in Appendix E. We start from the action

hg'l
S = / { 9= (1 = FO A CR + TP A (B.24)
% <H§3) _ ].‘(2)l+ A Cj(ll) + J](3))

h ik gl _ _
+ L (FD I ax (R + 97

@) oM
c® .y

+ el (D~ FOR A CR) AKD + T FED T AK® }

with
H® = dc® — GO A DEC®), (B.25)
FP™ = dc) — WA (Diety + Die) + o Dl (B.26)

In principle, A, J(B) J2 K(l) and K are combinations of fields in the theory that do

7”7

not depend on Ci and O, with as only restriction that S is gauge-invariant.

ij 7
In the calculation of Appendix E, they are given by

C.(Z) C(l)
i Y

hi=e 17", (B.27)
J® = (H(s) L F@k+ A B 1>) F@5+ A O, (B.28)
Jz(j2) = —f(2)5+ A\ bij — ((17; (Fj@)_ -+ f(z)k+bjk) —aj (‘Fl(Q)_ + f(z)leril))’ (B29)
KZ.(I) = nABbA (chB — aijB — DCijB), (B?’O)

1 :
K® = —(bAf<2)A+ - 5nABbAbe@)5+ + 2B FO* (5 — aka)). (B.31)
The action SC(2) o is then equal to
h
/ { g (H(3) + FOR AW 4 J(3)) A (H(S +FOH A CH + J(?’))
+hgV (40 — G2 A DECE + FOR A O+ ) A
« (M + 7O i)+ D) (B.32)
hg'* g7t 2)— 2 2)— 2
+ 2 (F+aD) nx (FD D)

1€ (dCZ-(Q) —_ Wi ADEC’E}) + F@k+ A CZ_(;)) A Kj(_l) + eij]:i(f)* /\K(Q)},
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which we can show by invoking the equations of motion for HES). Again, we let the Hodge
dual of the two-form fields be determined by a scalar and a one-form field, although the

equation is slightly more complex now:
hg'l s () + TP + KD = €1 (dg; + DE(CW + GDlgy)).
Again, this equation tells us the transformation laws for the dual fields:

6CW = dx — ¢*DL,CW + ADL,GWE,
3¢y = —€ Dl — ADJ,.

The equations of motion for the two-form now give us the equations
Kl
« (fi(f)‘ + Ji(f)) = & Jindit g;L’“gjl (J—‘(2)6+ + F@ktg, 4 2K<2)) :
Kl
2)— . 52 _ € Yikgjl (2)6+ (2)k+ (2)
FO7 40 = SIS 4 FOEt g, 42K @),

with ~ ~
FR5+ .= qC® gk A DLOW.

Entering these into the action gives us the result

det(gi;)g” ) B
SC~'(1),¢1',CS) = / {2h (D¢z — Kz ) N * (D¢J — KJ )

i %}fij) (]:(2)6+ + FOkRt g, 4 QK(Q)) A

« (f(2)6+ 4 F@kt g, +2K<2>)

+é1JO n (Do - KV)

_ %eijJi(J_Q) A (}'(2)6“‘ L F@kg 2K<2)) }

Here, ~
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Appendix C

Calculations for the
Compactification on K3 x T2

This appendix contains calculations for the reduction presented in section 2.3.3. We will
start by giving the four-dimensional action obtained from the dimensional reduction, and
then proceed to dualize fields until we can rewrite the action in a manifestly SL(2,R) x
SO(6,22; R)-covariant way.

The Kaluza-Klein action is the action we get by entering the expansions (2.58), (2.59)
and (2.60) into the supergravity action (2.15), performing the integration over the internal
manifold and making the field redefinitions as in section (2.3.2). Like its ten-dimensional
predecessor, we split the resulting action into a Neveu-Schwarz, Ramond-Ramond and
Chern-Simons part.

Let us treat the reduction of the Ricci scalar and the kinetic term for the dilaton
separately. Since K3 is Ricci-flat, the reduction of the ten-dimensional Ricci scalar will
not yield any terms that depend only on the K3-coordinates. With this knowledge, one
can calculate that the Ricci scalar and the kinetic term for the dilaton reduce to (relevant
formulas for this calculation can be found in [1] and references therein)

/ dmﬁ_ge—%—n{R V(090 g) — V(%0 gus) + 4000010 (C.)
1 o1 1 o
+ 100913097 + 0900”9 — L g1 FL) T F@IE

1 .. 1 1 ..
- Zgljgklaugija“gkz - ZgabQCdaﬂgabaMgcd - QQz]gabaugijaugab}~

Here,
vV, Vit =09,VF+T1 V. (C.2)

ng

Using
0 (V=GV"™) = V=gV, V" (€.3)
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yields (this result is shown in, for example, [31] and [44])
/d%«/ie*z‘b ”{R+48 (¢+3 n)aﬂ(¢+ n) — fg”}'@ F@It (C.4)
+ Zaugijal‘gij + 48Mgab8“g“b}.
For a K3, it is known that (see for instance [39]) that
1 ab _ 1 . A B
7augab6'ug = Zauep(?“e p_|_ gauH B(?“H A- (05)

4

This means that the Ricci scalar and the kinetic term for the dilaton together reduce to
1 1
/ d4z”62¢"{R + 40, (¢ + 5n) " (¢ + 5n) 1 gm}"@)”}"@)”“’ (C.6)
1 o1
+ Zaugijﬁl‘g” + io”'uepa”e_” + 86HHAB(9”HBA}.

We then see that the Neveu-Schwarz action, obtained by reducing the ten-dimensional
Neveu-Schwarz action, is

1 1
Sng = /e—%—"{d‘lx\/fg{}% +40u(¢ + 5" (¢ + 5n) (C.7)
(8 "™ + 0,9:0"g") + 3uH A0 HY, }

1 o
+3 {epnAcHBc (dbg A xdbp) + 3 nggjldbij A by
+ gij}“(Z)H‘ A *}"(2)j+
+ g (}-i(2)f +-7:(2)k+bik> A s (fj(?)* i ]:(2)l+bjl)

(H<3 + F@k+ A Bl )) A (H(3) + FOH A Bl“)) } }

Fieldstrengths here are

FA~ = aBM, (C.8)
FO = daM), (C.9)
H®) .= dB®, (C.10)
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The ten-dimensional Ramond-Ramond section gives the action

1 g
SRR =3 /e"{ep {g”dai A *xda;

n (f(2)5+ _ ]_-(2)k+ak) A % (]_-(2)5+ _ f(Q)HCLl)

+ F'(4) A *ﬁ'(4) + gijFi@) N *Fj(?’) + %gikgﬂﬁ'ig?) A *Fls?)]

4 ACHB, [ <nAD]_-(2)D+ _ F@5tp, - FOkt (e, akbA)) A
* (7]]3}3.7:(2)15+ — F@5+pp — FO (g5 — alb3)>

+ g (deia — daiba) A #(dejp — daij)} }7

with the definitions

O .=de® — F@5 A BR) _ F@kt A o)
FG) .y _ r@5+ ) g _ r@k+ C.(,i)
7 * 7 i i

+a; (H(3> + F@k+ A B,(j)) ,

(2 2)—
P2 =F2)" — F@otp,

- [ai (FO7 4 FOR ) —ay(FP 4 f@)lﬂm)] .

New fieldstrengths here are

= dAW,
= dC?,

~=dc

Zj’

= dCMA,
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Finally, the Chern-Simons term gives the topological action

1 .. 1
Scs :iewnAB /{ - 5bW?AcWBD}-(Q)C+ NFRPE (C.19)
+ (}-i(2)7 + .7:(2)k+bik) N (277Acf(2)c+ — .7:(2)l+(ClA - ale)) X

(cjp — a;bp)

_ (H(3> L F@kE B£1)> A (dejp — a;dby — da;bg) (cia — asba)
2)—
_ (]:i(j) _ .7:(2)5+bij> A
1
<T]BCbA]:(2)C+ - bA]:(2)k+(CkB —arbp) — 2bAbAf(2)5+)

+2 (MY = 7O A B — FOE A L) Abad(ejp — ajbp) }

As explained in section 2.3.2, we are now going to replace C'®) with its equations of
motion, and dualize Ci(Q), ¢V B and B(l), using the procedure explained in Appendix

J 7 =
B. In fact, the equation of motion for C® just says that FF*) = 0, so we can remove it

from the Lagrangian. The action for CZ-(Z) is
1 L -
Soer = / {f”pg”Fi(g) A *Fj(g) (C.20)
ij 3 1 1
+ AP (R - FOYE A B - FOR A CRY)

A bAd(CjB — aij)},

and dualizing Ci(Q) to scalar fields ~; gives

p—n 1
/{e 59" (d%» — 2 Pbyde;ip + QHABbAdeai) A (C.21)

1
* (d’Yj - nCDbcdch + 2170Dbcbpdaj)
+€7a; (H(g) + F@kE A B,i”) A

1
<d’yj — nABbAdch + ZT;ABbAdeaj)

g 1
i (}-(z)k+ A Cl_(;) + F@5+ 5 Bi(l)) Ad ('Yk _ 277ABbAbBaj> }
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The action for Ci(jl) is

e = -
5c§;>:/ {4 g g E AED (C.22)

+ %eij (7 = F@5p,) {— bAF At 4 %nf“-qube@)5+

1
— F@k+ (’Yk —n*Pbacrp + 2nABbAbBak> } }

and this is equivalent to a dual field C(!) described by the action

p—n 1
/ {e : <f(2)6+ AT A O (C.23)

1
— F@k+ (w — " Pbackn + 2nABbAbBak)> A

. (]_-(2)6+ e FCH %ncprbD]_-(z)er

— Fk+ (’Yk —n“Pbocrp + ;nCDbcbDak))

+ %eijbij]:(z)H A FO6+

+ %eij (ai(}"]@)* + FOR ) — ay(FO + .7:(2)k+bik)> N
<]_—(2)6+ _p F@At %nABbAbB}—(Q)S-i-

1
— F2)k+ (yk — 1 Bbacrp + 277ABbAbBak)) }

The field strength F26+ of CM) is
FR+ .— gc®, (C.24)

The action of B? is

—2¢—n .
Spe = / { c 5 (H<3> + FORE A B,(j)) A x (H@) + FOH A Bl(”)

L 1
+ THE) A (aidvj — QUABciAdch) } (C.25)
By defining
1
AS) = aid'yj — ajd'yi — inAB (CiAdeB — CjAdCiB) N (026)
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we can rewrite the topological term as %e”H(?’) A Al(-;-). The action written in terms of
the dual field 3;; = —f;; becomes

/ { % g7 (B — AD) A+ (dBy — AL (C2)

1 ..
— 56” (dﬂij — Agjl)) N .7:(2)k+ N B](Cl)}.
The last fields we dualize are the Bl-(l). The action is

—2¢-n
/ {e " (7 + FOR by ) s (FT 4+ FOMy) (C.28)
s (.7:1,(2)7 + f(Q)k+bik> AN
(aj FOO _ ¢ FOA L g )5t
FO+ L 4B
- (ajn — 577 cjACIB)

+ eij]:i(Q)* A .7"(2)k+ﬁkj}

This action, written in terms of the dual of Bfl), BW: s

e29—n ,
/ { 59" 0l (FO = 1@ pw (F@+ - @) (C.29)
1 .
— 56” bij(SkL]:(Q)kJr N .7:(2)L+ }
‘We have used the shorthand

L@ . 6ib{aif(2)6+ _ CiAf‘(Q)A+ + ,_Yi];-(2)5+ (C.30)

1
_ f(z)kJr(ai’Yk - 577ABCiACk’B — Bi) }

The field strength F@¢+ of B ig
F@ut .= g, (C.31)

We can now simplify the action for the field strengths of the vectors. The kinetic
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term for the field strengths is

—2¢—n ) ;
/ {e 59 FOT N F @I (C.32)
e2¢—n

_|_

996,85 (f(Q)H- _ L(2)L> A (]_—(z)L+ B L(g)/)

+ ? (]:(2)5+ o f(z)kmk) A * (7—'(2)5+ _ j—‘(z)Hal)

N eP;?? (]__(2)6+ L FOA* %nABbAbB}-(z)5+

1
— F@k+ ('Yk —n*Bbackp + 27]ABbAbBak> >/\
" (]_-(2)6+ _ bC]:(2)C+ + %nCDbeD]:(Z)EH_

1
- F@I+ (% ~nPbeep + QUCDbeDaz> )

-n
I %nAC'HBC (nAD}-(z)D+ _F@p, - F@k (e, akbA)) A

% (nBE}'(?)E-i- — F@tp .7:(2)l+(clB _ ale)) },
and the topological term for the field strengths is

/ { o %eijbij(smj:@)kJr A f(Q)LJr + %Gijbijf(z)er A f(2)6+

1.
B ZeljbijnAB}"(z)AJr A .7-'(2)B+}. (C.33)

We now introduce an SO(6,22)-index M that runs over i, ¢, 5, 6, and A. Using this, we
put all field strengths in an SO(6, 22)-vector of fieldstrengths, F )M+ defined as

F@M+ . _ (_7:(2)i+7]:(2)b+7f(2)5+7_}‘(2)6+7_}'(2)A+) (C.34)

We also use the SO(6, 22)-index M for the SO(6,22; R) matrix My, n that contains 132
out of the 134 scalars; its definition is in Appendix F. Finally, we define the complex
scalar T as
T = —leijb“—ﬁ-iﬂ (C.35)
: 1€ bij 5 .

With these definitions, we can rewrite the action for the field strengths as

Spy = / {hm(T)MMN;r(?)M+ A s FRN+ (C.36)

+ Re(1) Ly n FOMT A FRNE }
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with the SO(6,22)-metric

0 & 0 0 0
5, 0 0 0 0
Lun=| 0 0 0 -1 0 (C.37)
0 0 -1 0 0
0 0 0 0 nap

We will now simplify the kinetic term for the scalars. After a Weyl rescaling g,,, —
e?¥*1g,,, it becomes

1 1
See = /d4xs/—g{R —20,(¢ + 577)3”((;5 + 577) (C.38)
1 _ id 1 A B
+ Z(Buep(?“e P+ 0u9:;0"9") + éauH O H”

1 .. . eP
— Zglkgjlaubijaﬂbkl _ ETIACHBcaﬂbAap,bB

e20—p
- g7 0,a;0"a;
e ac ij " "
777 H" 69" (0ucia — 0paiba)(0"cjp — 0"ajbp)
e20+p 1
Y 9" <8u%‘ - nABbAaMCiB + 277ABbAb36Nai) X

1
(8“” = Pbcde;p + QnCDbcbDa“aj>
€4¢ ik gl A(l) 1 A(l)ﬂ
- Tg g (auﬁij - Mj) (8 Bkl — Ak )
Using the fact that ¢“/9,9;; = —20,n, we find that

1 1 1 .. .
—20,(0+ in)auw + 577) - Zglkgjlaubijaﬂbkl

" “ 1 m e ij _kl "
= —20,¢0" ¢ — 20,,¢0"n — 58,4778 10— —geve 0,b;jOM by

= —20,00" ¢ + g7 0,00" gi; — m@ﬂ'a‘%’ (C.39)

My n € SO(6,22;R), so its inverse, (M ~1)MN s given by

(M—YHYMN — MO NG p L PN, (C.40)
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Since the index M = 1,...,28 splits into i, ¢, 5, 6, and A, we calculate
g
?QLMMN(’L(LML)MN =
1 o, L
89’“’{25“5” 0uM;;0" M, + 26" 6% 0,,M;, 0" M,

+ 46“8HML56#M,'6 + 4(5“8MML68”M1‘5 — 45iL’r]IJ8MML]8'uMiJ
+ 20, M550" Meg + 20, Ms560" Mg

— dn' 9, M5 0" Mgy + nAanDauMAga“MCD}. (C.41)

Using eqgs. (C.41) and (F.97), calculating the scalar term is a straightforward procedure,
resulting in

1 1
S = / Qo =gl R — — 5 8,70" 1" + <0, My (LMLYMN L (C.42)
2Im*(7) 8
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Appendix D

Calculations for the
Compactification on Y] with

H %)-ﬂux

This appendix contains calculations for the reduction presented in section 2.4, of ITA
supergravity on Y; with an Hfg)—ﬂux. We will start by giving the four-dimensional
action obtained from the dimensional reduction, and then proceed to dualize fields until
we can rewrite the action in a manifestly SL(2,R) x SO(6, n; R)-covariant way. Finally,
we show that it is invariant under gauge transformations.

We enter the expansions (2.58), (2.59) and (2.60), together with the expression for
H fg) as given in (2.86) into the supergravity action (2.15), perform the integration over
the internal manifold and make the field redefinitions in eq. (2.62).

Again, we start by looking at the reduction of the action of the Ricci scalar and the
kinetic term for the dilaton. In this reduction, we will make three assumptions that are,
as yet, unproven. The first assumption is that, in analogy to the compactification on
K3 x T2, the reduction of the Ricci scalar will not yield any terms that depend only on
the Y1(4)-coordinate. With this assumption in place, the reduction of the Ricci scalar and
the kinetic term for the dilaton gives

/ d4wfge—2¢—n{3 V(690" g;) — V(0" gup) + 40,6100 610 (D1
— 0;(9"°0i9ab — 9" G D" gop)
+ iaugija“g” + iDHgabD“g“b + i&-gab@igab
- ig” 9"0,9:50" g1 — ig“bg“dDugabD“gcd — %g“ 9*°0,9iD" gab
1

1 ab cd i 2)i+ 24
- Zg g aigaba gcd - Zgl]fl(“’) f( ).7 M
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with ,
D, Gab = OuGab + Gﬁ)zaigab- (D.2)

From the transformation of other fields, we know that the fields coming from g.;,, H AB
and e, transform in such a way that

D Hp = 0,H"s + GV D HA — GVF D H s, (D.3)
Dye ?:=0,e”". (D.4)

We have not actually shown that this follows from the reduction of the Ricci scalar; that
this does follow is our second assumption. Since the term

gabDugab (D5)

gives the covariant derivative of the volume e~?, and we know from (D.4) that the
volume should not transform under gauge transformations, we are going to make our
final assumption:

g*d'g. = 0. (D.6)

Using this, the second line in eq. (D.1) vanishes, and we can calculate that the reduction
gives

1 1 1 , ,
/ d4x¢?ge—2¢—"{R +40u(¢+ 52" (0 + 5n) — 4 gij FL T FRitmw (D.7)

1 ij 1 a 1 ij a
+ Za,u,gijaug T+ ZD,ugabD“g b+ 19 10;9ab0;9 b}-
The second assumption tells us that

1 , 1 _, 1
1 Dugar D’ g = 10ue"d" e’ + g2),11%1“,31)“1{3%1. (D.8)

To calculate the potential term %gijaigabajg“b, we look at the term in DugabD“g“b that
is quadratic in G,(})i. That term is &-gabajg“b. From eq. (D.3) we can then infer that

1. 1
197092039 = =g (Dﬁ,HCB + DEBHAC) (D;‘DHDB + DJBDHAD) (D.9)

for
HAB .= pA°HB,  Hap:=nacH. (D.10)

The Neveu-Schwarz action, obtained by reducing the ten-dimensional Neveu-Schwarz
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action, is then

1 1
Sns = /e%’?{d‘*z,fg {R +40,(6 + 5" (& + 5n) (D.11)
L PAH =P M 1] 1 A ppgB
—i—z(aue 0"e " 4 0,9:;0"g )+§DMH gDF'H” 4
1 ij(DCH D DA DB 4 pB_ [AD
89 iA11CB iBH1AC iD jD
1 g
+= {e”HAB (DbA A %Dbg + g (b DEy + kia) A #(beDY% + ij))
1 ., . . ,
+ 59" 9" dbij A by + gy FO AR FOTE

+ g (]_-Z_(2)f +]:(2)k+bik) A s (7‘—;2)7 +]_-(2)z+bjl)

+ (H(3) + FORE A B,(j)) A x (H(3) + FOI A Bl(l)) } }

Covariant derivatives and fieldstrengths here are

Dby = dba + GV (ks + DSsbe), (D.12)
F@= = aBW, (D.13)
FE = da), (D.14)
HB) .= dB®. (D.15)
The ten-dimensional Ramond-Ramond section gives the action
1
Srr =3 / e"{ep [ (f<2>5+ - f<2>’<+ak) Ax (f<2>5+ - f@)”al) (D.16)

N . - o - 1 0 = =

+ g da; A *daj + F@W A @ + g”Fi(S) N *Fj(g) + §gzkglei(j2) A *Flg)]
+ HAB { (77AD~7:(2)D+ — F@5tp, — _7?(2)k+(ckA — akbA)) A

« (npEFOPY — FOM by FON (g — aibp))

3 1 3
+ g¥ (DCiA - daibA) AN *(DCjB - daij) + igznglFijA AN *Fle:| },
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with the definitions

F® .=gc®) — F2)5+ A BO) _ gkt p ), (D.17)

F® =p® _ g@5t A gV _ g@kt \ oD (D.18)
+a (H@ + F@kE A B,(Cl)) :

P —F®~ _ OB+ np, (D.19)
— (@(FPT + FO ) — ay(FO + FOly)),

Fija :=Dieip — DPseip — (aikja — ajkia). (D.20)

New covariant derivatives and fieldstrengths are

FE = gAW), (D.21)
HPY = ac?, (D.22)
FP=dcy, (D.23)
F@A+ = goWA _ gk A pAcWB L qWkE, -pAB A1), (D.24)
Deia = deig — C’(l)BnBcDa + G(l)k(DgAcic + kkpa;) — AWk 4. (D.25)

Finally, the Chern-Simons term gives the topological action
Scs :%eijnAB /{ - %bij (nAanDf(2)C+ A FEAD+ (D.26)

— 2acCOC A d(GOF A kkBA(l)))

+ (FO7+ FO by ) A ((20acFOT = FOW (cia — aiba)) (e — ajbp)
+240k;aneCYC = DignapCOP AnopChF)

- (H(3> + FOk+ A B,(j)) A (cm —~ aibA) x

(Pess — a;Dbp — dajb — DSgnepC VP — AWk )

_ (fz'(f)_ _ f(2)5+bij) A (nBCbA]_-(2)c+ _ %bAbA]_-(z)H

— baF ¥ (g — agbp) — GF A kk:AnBCC(l)C)

+2(H — F@5 B — FOE A QA

(bADCjB — bAaijB — daijbB — k‘jAA(l)bB — G(l)kkkA(CjB — aij))

+2 (dc<3> — FOR A B@) 4 F@k+ c,g'”) (kiA(ch —a;bp) + D?Abccjg) }
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As explained in section 2.4, we are now going to replace C'®) with its equations
of motion, and dualize CZ@), CZ(; ), B® and Bi(l), following the procedure outlined in
Appendix B. We start by using C®)’s equations of motion to calculate

—-n—p _ . o
S :/ {€2F(4) AxE® 4 F(4)6”77AB (kiA(ch —ajbg) + Dfi,bcch)} (D.27)
e ik AB CD E
:/ 5 — e 7%y (kiA(ch —ajbp) —|—Dl—AbEch)/\
* (kkc(CZD —aibp) + D;fchCzD) }
The action for C§2) is

-n—p .

S = / {629”Fi(3) A *Fj(3) (D.28)
+ eI P (M) — FO A BN Ok A O

(baDesn — a;baDbs — dazbabs — kiadVbp — GCVohia(ein - ajbp)) }

and dualizing C’i@) to scalar fields ~; gives

eP—m . 1
/ {29” (D% —n*PbaDeip + inABbAdeai>/\ (D.29)

1
« (Dyj —PbeDe;p + 577CDbcdeaj)

- 1

+evas (H(B) + FEEEA Bl(cl)) A (D%‘ —*PbaDejp + §’YABbAde“J’)
g 1

i (_7:(2)k+ A Oi(;) + F@5+ 5 Bi(l)) A d(% o §T)ABbAbBaj> }

The covariant derivative of ~; is
Dy; = dy; — CO %0 + GV AB Ly yeip. (D.30)

The action for C’Z-(jl) is
g o [ @\ FD (D.31)
o = 1 7Y i '
+ %e” (F™ = FO5p) A (= baF @At 4 %nABbAbB}'(Q)E’*

1
— FOR (= n*Pbacrs + 577ABbAbBak) +GWF A k'kAC(l)A> },
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and this is equivalent to a dual field C™ described by the action

ep—ﬂ

1
/ { 5 (Jf(2)6+ o bAf(Q)A-‘r + inABbAbe@)EH_

— FOM (= Pbacip + %ﬁABbAbBak)y\

" (]:(2)6+ — b FACH 4 %nCDbeD]_—(z)H

— FOR+ (y, = n%Phecpp + %nCDbcbDak))

n %cz‘j by FO A 4G

+ %eij (ai (]—';2)_ + FOR b)) —ay (.7-"1(2)_ + f(2)k+bik)>/\

1
(;(2)6+ _p F@AT 4 §nABbAbBF(2)5+

1
_ ]_-(2)k+(% — nABbACkB + §7IABbAbBak)> }

The field strength F@6+ of CM) s
FA& = dCW 4 Gk A fy ,0 DA,
The action of B®?) is

—2¢—n
Spe = / { ‘ 5 (H<3> + FORE A B,(j)) A x (H(3> + FOH A Bl(”)

+ €l (H<3> + F@k+ A B,Ef)) A

1
(CL{D’YJ' — 577ABCiA (DCjB — nCDC(l)DDjCB — A(l)kﬁjB)) }

By defining
1
AE—;—) = a;Dy; — a;Dvy; — 577'43 (ciaDcjp — cjaDeip),
we can rewrite the topological term as
1 .
56”"'{(3) A (Ag;) + A BGWr Ly acipaj + B AV ¢iakp — O(I)BciADfB> .

The action written in terms of the dual field 8;; = —/f3;; becomes

/ {62‘1_"91'1@9]‘1 (Dﬁij _ Ag?) A * (Dﬁkz - Al(ell))

1 .
_ 5611 (Dﬁij _ Al(;)) A F@k+ A B,gl)},

()

(D.32)

(D.33)

(D.34)

(D.35)

(D.36)

(D.37)

(D.38)



with the covariant derivative
1 1
D/Gij ::dﬁij + iG(l)kkkAnAB(aiCjBajCiB) + §A(1)77AB(/€Z‘ACJ'B — ijCiB) (D.39)

1
+ 50(1)A(613DfA — CjBDﬁ).
The last fields we dualize are the Bl-(l). The action is

6_2¢_n i 2)— 2)—
/ {2 g7 (FO7 + FOFpy ) nx (FO7 4 FOryy ) (D.40)
— €l (.7:1-(2)7 + .7:(2)k+bik> A

1
(aj FOU o FOM g FOM L FO (0 - LytPe )

1
+ AW A ,0DA 5nBCz)jCAc“W‘ A c<1>3> }

This action, written in terms of the dual of Bi(l), BWe g

20—m ,
/ { ¢ 9" dudj (]-"(2”* - L(2)L) Ax (]-‘(2)” L@ ) (D.41)
o %Ewbljékbf(z)k+ A F(Q)L+}7

where we have used the shorthand

. 1
LB = 5“{ai7(2)6+ — ciaFOAT 4 FOPY — FORF (g, — inABCiACkB - ﬁik)}
) (D.42)
The field strength F2)+ of B is
FOrt .= qBM 4 AD A ,0WA %nBcé“DS‘C(l)A ACWE, (D.43)

We can now simplify the action for the field strengths of the vectors. The kinetic
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term for the field strengths is

—2¢—n ) .
/ {e 3 gi; FAH A xF@it (D.44)

2¢—n

+ g 168y (FO = L) px (FO L)

e*ﬁ*ﬁ

+— (7_-(2)5+ _ ]_—(2)k+ak) A % (];(2)5+ _ ]_—(2)z+al)

N ep;v <}_(2)6+ g F@A+ %UABbAbB]_-(Q)E’JJr

1
— F@k+ (q/k — " Poacrp + QWABbAbBak> )/\

* (f<2>6+ — b FRCT + %nCDbeDJf@)5+
1
_ J’T(Q)l+ (,.n o nCDbCClD + 2nCDbeDal> )

-n
i %HAB (nAD}-(Q)DJr _F@5p, - FOkt (e, akbA)> A

N (UBE}—@)EJr _ F@5p, - O (g ale)) }7
and the topological term for the field strengths is
/ { — %e”bija,ﬁf@m ANF@t 4 %éjbijf@)“ A FR5+ (D.45)
_ ieijbijnAB}-(Q)A-i- A j_—(2)3+}.
We now introduce an SO(6,n)-index M that runs over i, ¢, 5, 6, and A. Using this, we
put all field strengths in an SO(6,n)-vector of fieldstrengths, F*M+  defined as

FEIM+ . _ (_7:(2)i+7]:(2)b+7f(2)5+7_}‘(2)6+7_}'(2)A+) (D.46)

We also use the SO(6,n)-index M for the SO(6,n;R) matrix Mysn that contains 6n
out of the 6n + 2 scalars; its definition is in Appendix F. Finally, we define the complex
scalar 7 as
T = —leijb--—ﬁ-iﬂ (D.47)
: 1€ bij 5 .

With all these definitions, we can rewrite the action for the field strengths as

Spe = / {hn(f)MWJf@)M+ A xFONT 4 Re(r) Ly nFOM+ A f<2>N+}, (D.48)
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with the SO(6, n; R)-metric

0 6, 0 0 0
5, 0 0 0 0
Lun=| 0 0 0 -1 0 (D.49)
0 0 -1 0 0
0 0 0 0 nap

We will now simplify the kinetic term for the scalars. After a Weyl rescaling g,,,, —
e?¥*1g,,, it has become

1 1
S, = /d‘*a:\/fg{R —20,(¢+ in)aﬂ (¢ + 577) (D.50)
1 1
T (Ouer0"e™ + 0,g:;0"g”) + §DHHABDHHBA
1 .. . P 20—p
— 2999010 b — %HABD#bAD“bB —C §98,0;0"a;

2¢ g

— %HABQU (DMCiA — 6uaib,4) (’D#CJ‘B — 8“(1ij)
2¢0+p 1

< g" (D#% —n*PbaD,cin + §nABbAbB8;Lai> X

1
(DM’Y]' — nCDbCDMCjD + §nCDbcbD8“aj)

-t (D ) (- )

As in Appendix C, we find that

1 ..
zglkgﬂ@usza“bkl

2n
= —20,,00"¢p — 20,¢0"n — %8,”78*‘77 — %e” e’“la,bbijal‘bkl

1 1
—20,(¢ + 577)8“@ + 577) -

y 1
= —20,90"¢ + 9" 0,00" gij — —5—0,TO'T" (D.51)
2Im*(7)
The inverse of M,y is again given by
(M—YMN = MO NG p L PN, (D.52)
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Since the index M =1,...,6 + n splits into 4, ¢, 5, 6, and A, we calculate
D, MynD,(LML)MY =

1 . . . . .

89"”{26“6ﬂ DﬂMijD#MLL/ + 20" 67 DuMiL’D#MjL + 45“DHML5'D'U‘MIL'6
+ 46"D;, M,6 D" M;5 — 46" 0"/ D, M, D" M; 5 + 2D, M55D" Mes

+ 2D, Ms¢ D" Mg — 40" D, M5 D" Mg ; + nA° nBDD#MABD“MCD}. (D.53)

The covariant derivatives are given in Appendix F. Using egs. (D.53) and (F.44), calcu-
lating the scalar term is a straightforward procedure, resulting in

1 1
Sy = / d*z/=g{ R — ——5—0,70"7* + Dy MynD"(LML)MN . (D.54)
2Im=(7) 8

The potential as obtained from the reduction and dualization is

e2¢+n
Spot = — /\/ —9{89” (DiCAHCB + D%HAC> (DfDHDB + DJBDHAD> (D.55)

e2otmte b 5
+ TH g7 (bpD;y + kia)(beDjE + kjp)
€4¢+3n+p ii
Te ]EklnABT]CD (kiA(ch _ aij) + DiEAbECjB) X
(ka(ClD — albD) + D,fchClD>
edo+n kAl -
+ =" H 0" g FijaFp ¢

We can rewrite this, using the scalar matrix My, as

]. . .7
Spot =3 / \/9{5“5” Im(T)l{DﬁDfBMLL/ (D.56)
— DG D PP (M, MapMep — 2M,5 My aMon )

+ kian®P D, (MLL’MGBMAC + M,c Mo Map + MLBMGCMAL/)
— kickjpn“nBP (MLL/MGGMAB + 2MLBM6L’M6A> } }

It remains to be shown that the action is invariant under the various gauge transfor-
mations corresponding to the gauge fields. The parameters belonging to the gauge fields
are & for G X for BWL A for AW X for CV, and A for CWA, How the fields
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transform under these transformations can be found in Appendix (F), taking into account
that ij = 0 for now, and that B®** is not present in this case. We immediately see
that R and 7 are invariant under gauge transformations.

The transformations of FZM+ My, n and DMy, as shown in Appendix F, can all
be written as infinitesimal SO(6, n)-rotations generated by the gauge parameters. Since
the action for the scalars, Skn, and the action for the field strengths, Sy, are both
SO(6,n)-scalars, they are gauge invariant.

Finally, using eqs. (2.77), (2.81), (2.90) and the formulation of the potential as written
in eq. (D.55), it is easily seen that the potential is invariant under gauge transformations
as well.
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Appendix E

Calculations for the
Compactification on Y5

This Appendix will contain calculations for the reduction presented in section 2.6. We
will start exactly as we did in Appendix D, by presenting the Kaluza-Klein action and the
dualization of several fields. The last step towards the manifestly SL(2,R) x SO(6,n;R)-
covariant way of writing the action is taken in detail in the main text so we do not present
it here. We will, however, show how the potential and topological term can be written
in the form as found in [19] and described in section 2.5. Finally, we show the gauge
invariance of the action.

Once again, let us first say something about the reduction of the action of the Ricci
scalar and the kinetic term for the dilaton. We are going to make the assumptions similar
to the ones we made in Appendix D. We assume that the reduction of the Ricci scalar
will not yield any terms that depend on the Y2(4)—coordinate alone, and that

9; (9™ 9" gap) = 0. (E.1)

The reason for the second assumption can, again, be found in the covariant derivative of
the volume modulus e™”. We can calculate the covariant derivative

Dy.gij = 0ugij + G% (Dl;91 + Diagij) . (E.2)

directly from the ten-dimensional Ricci scalar. Together with the transformation of the
other fields in the theory, it follows that

De ? =0, " — Gf})kDfde_p, (E.3)
D, H*g = 0,H*s + GP* (DFgHA — D HO ) . (E.4)

In particular, we see that the term linear in G’ in the covariant derivative of e~
does only depend on the spacetime-coordinate x. Up to a factor, that term is given by
g0 g4p. Therefore we assume that

0; (gabﬁigab) =0. (E.5)
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With these two assumptions in place, we find that the reduction of the Ricci scalar gives

/ d4xx/fg€_2¢_"{R ~ V(990" gi5) = V(9™ 0" gar) (E.6)

1 - 1 1 )
+ ZDugiﬂ)ugw + Zpugabpugab + Zaigabazgab

1 .. 1 1 ..
- Zgwgklpugijp“gm - ZgabQCdDugabD“gcd - §g”gabpugij9“9ab

1 ab c % ij 1 7 j v
19 *9°0i9av0' gea — 9 ]kaDé'l - lgij}—ﬁ) A }
Here, )
D, gab := Ougap + Gf})zaigab- (E.7)

Again assuming that the reduction of the Ricci scalar does indeed give the kinetic terms
for =7 and H45, we can calculate

1 1 1
1 DugarD"g"" = Dyue’Dlie™" + gD#HABD”HB " (E.8)
and
} ija‘ 9. ab_l ab cda‘ 61
49 19ab059 49 g 19ab0 YJecd
1 ..
= 59" (DS Hep + Do Hac ) (D HPP + D HAP) (E.9)
for
HAB =205, Hap:=nacH%. (E.10)

The Neveu-Schwarz action is
o 1 1
Sns = /e 29 n{d‘*x\/?g[R + 40, (6 + 5md"(6 + 1) (E.11)

1 PP ,—P K t] 1 A pppB

+ 7 (DuerDr e + Dugyy D' g7 ) + D HARD HE,
1 ..

— 59" (DS Hon + DG Hac ) (D HP + DJBDHAD)]

- giijkDé'l
1 ..

t3 [ef’HAB (DbA A ¥Dbp + g (bp D) A *(bEDJEB))
1 ... . .

+ iglkgﬂ'Dbij A *Dby,; + gijf(Q)H_ A *f(2)]+

+gij <-7:i(2)_ _|_f’(2)k+bik> A % (‘7:](2)_ _|_f(2)l+bjl)

- (H<3) + FOkE A B,S)) A x (H<3) 4+ FOI A Blu)) } }
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Here, we have the following covariant derivatives and fieldstrengths:

Dby = dba + GV DS be,

Dby := dbi; — BV DY, + GW* (DL by + Dby

2)— 1 1
FO7 = aBM + ¢W* A DL, BY,
i i 1 i
Fi+ .= gqqWi _ §G<1>’c AGIDE

HB) .= dB?),

and we have again defined
HAP .= n“HP.,  Hap :=nacH.

The Ramond-Ramond action is given by

SRR :% /6_"{6_” { (.7-'(2)5+ + .7-'(2)k+ak) A * (.7-'(2)5+ + .7:(2)l+al)

ij 1 ik j m n
+ g”Da; A *Daj + 29 kgﬂ(amDij) A x(anDyy)

. . o . 1 . . -
+ F® AF® 4 g”Fi(?’) A * ,7'(3) + igmgﬂFig?) A *Flg)]

| [AB { (nADj_-(z)/:nr _F@5ty, - F@kt(e akbA)) A

. (nBE]_-(Z)E+ _ F@5tp, - FO (g ale)>

(E.18)

3 1 . .
+ g” (DCiA — Daﬂm) N *(DCjB — DCijB> + ingg]lFijA N *FklA:| },

with the shorthands

FW .=dCc® — F25+ A &) _ @kt p 02)

FO n® = F@% A BO - FOR A CD 40y (M) + FOR A B,

(E.19)
(E.20)

E(J?) ::_7:1(]2)* — F@5tp,. (ai (]_-j@)f + ]:(2)k+bjk) —a; (]_-1_(2)7 +]:(2)l+b“))7 (E.21)

I ._nk C e}
FijA '_Dij (Cch — akbA) =+ DiACjC — DjACiC-
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The covariant derivatives and fieldstrengths here are

Da; := da; + GY* DL a;, (E.23)
F@5t .= gAW), (E.24)
HP .= ac® + ¢k A DLC®), (E.25)
F = de) + oDl + GO (Dl + DLC), (E.26)
F@A+ . oA _ Gk A ( D, | D;dcu)A), (E.27)
Dcia :i=dc;a — nBCDﬁC(l)C + Gk (D,?Acic + chiclA) . (E.28)

The Chern-Simons term looks very much like before, the main difference is in the defini-
tion of the covariant derivatives and fieldstrengths.

1 .. 1
Scs :§€ZJ77AB / { - §bij77Ac]'"(2)C+ AnspFp)* (E.29)

+ (‘7:1‘(2)_ + f<2)k+bik) A (277,407:(2)0+ — FOH (e1p - ale)> (CjB - aij)
_ 2351)77AD7]CE7(2)D+ A C«(l)EDjCB

- (H(3> + F@k+ p B,(j)) A (chB — a;Dbg — Dajbp — nCDC“)DDfB) x
(ciA - aibA) - (]—'i(f)_ - ]:(2)5+bij)/\

(n3cbaF @ — b FOM (6 — aybi) %bAbe(Q)E’*)

+2(H® — F@5 A B - FOE A O )A

ba (chB —a;Dbp — Dajbp — nCDC(l)DDjCB)

2
— (dC® — FO3 A B FOR AR
ba (ijckB + DZ-CJ’BC]'C — D]CBCZ'C) }

We are now going to replace C'®) with its equations of motion, and dualize C’i(2), Ci(jl)
and B®). We start by using C®)’s equations of motion to rewrite

1 ~ ~ .. ~
Soe = 3 / {B—TI—PF(‘Q AxEF#) _€1jnABbAF(4) (Dg‘bcmB —‘y—DZCBCjC _D]CBCZ'C) } (E.30)

to

1 n+p
. / {64emeklnABnCDbAbc<D?;cmB+2Dﬁgch)A*(Dglcnp+2DchjE)}. (E.31)
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The next step is to dualize the two-forms CZ-(z), as we did in the last section as well. As
we can see from the definition of .7-'2-8-2)7 in eq. (E.26), however, a linear combination of
the C’i@)’s is massive through a Stueckelberg mechanism. As detailed in Appendix B,

we will dualize the two-forms C’i@) and the one-form C’Z(]1 ) into two scalars v, a linear

combination of which is eaten by a one-form C'"). The action for C’Z@) and C’Z(J1 ) is

e PG s ~3) e T PgRglt = (2
S o =/ {QF} PARE® 4 fﬂ(j) A B (E.32)

+ B (WP — FOR A CQ)) A ba(Dess — a;Dbs — Dasbs )

L ij AB (2)-
—5697] Fiil N

1
(banscF O +baF O (e — aybp) — SbabpFO) }

Referring to Appendix B, we see that the dualized action is

PN 4t 1
/ {e 29 (D%— — ABy 4 Deip + QnABbAbBDai> A (E.33)

1
* (D’yj — nCDbchjD + QnCDbcbDDaJ)

6”2_" (F@8+ —p @t %nABbAbe@)f’*—
1
FEOM (v = Phacip + §UABbAbBak))A

. (]_-(2)6+ b FCH lnCDbeD]_-(Q)&i-
2

1
— FOR (y, = nPhoeip + §UCDbcbDak))

+ % (FO™ by + 0 (£ + FO by ) —a; (FD7 4+ FO ) ) A
(7_-(2)6+ L F@AT %WABbAbB}—(Z)SJr

— FOR (y = Pbacip + %nABbAbBak))

+ € (ai (H® 4 FOk+ A B — F205+ o B§1)) A

1
(Dj/j - UABbADCjB + §UABbAbBDaj) }

The field strength of the new vector field C) is

FRO+ .= g™ — gk A DLW, (E.34)
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while the covariant derivative of ~;,
Dy, := dry; + DECY — GWIDE A, (E.35)

shows that one of the two scalars ~; is eaten by CV), making C'") massive through the
Stueckelberg mechanism. Incidentally, the field ~; is related to the field ¢; from Appendix
B by i == ¢; + sn*Pbabpa;.

The action of B® is

—2¢—n
Spe) = / { ‘ 5 (H<3> + F@kE A B,<;>) A# (H<3> + F@ A B}”)

3y 1
+ EUH(S) A (aiD’Yj _ 577ABCiA(DCjB — C(I)C’ﬂCDDjDB) } (E36)

By defining
1
AZ(-jl.) = a;dy; — ajdy; — inAB (¢iaDcjp — cjaDeip), (E.37)

we can rewrite the topological term as
1 .. 1
56”7‘((3) N (AZ(-;-) + inABnCDC(l)D(CiADjCB - CjADZCB)) . (E.38)
The action written in terms of the dual field 8;; becomes
e20—m
/ {4 g*g’" (Dﬂij - AS)) A% (Dﬁkz - ASZ)) (E.39)
1 ..
+ 5613 (Dﬂij _ AE;)) A F@k+ A B}(Cl)}7
with the covariant derivative

1
Dﬁl] = dﬁ” + 50(1)A((CiBDjBA + CiAD;‘ﬁk) — (CjBDﬁ —|— CjAD?k))- <E40)

Let us now take a look at the kinetic term for the scalars. We perform a Weyl rescaling
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G — €29*1g,,,,, and after that the term is
4 1 12 1
Sue= [d'av=g) R = 20,0+ t0)0(6+ 1) (E.A1)

1 ” 1
+ 7 (Due’D"e™" + DugiDHg¥) + §DHHABD“HBA

2¢—p

1 ., . P .

- Zngg]l'Dubij,D#bkl - %UACHBCDMIJA'D“[)B — ¢ g”DMaiD“aj
e*? AC 1B _ij

- 777 H”0g" (Ducia — Duaiba)(DFe;jp — DHajbp)
e20+r

3 1
97 ( Dyyi — n2BbaDycip + =n*PbabpD,a; | x
2 2

1
(D“”j —n°PbeDie;p + QnCDbcbDD#aJ

ErE )
_ ngk:g]l (D,uﬁij _ AE}Z)]) (Dﬂﬂk’l _ A%)l) }

Using the fact that g¥ D, g;; = 2¢"D, e~ ", with
De " :=de™ — GMEDL e, (E.42)
we find that

1 1 1 ., .
= 20u(6 + 5" (6 + 5m) — 799" Dybi; Db
1 1
:§D#62¢D“e*2¢ + iDﬂe”D“e"

1 1 m
=+ 5e‘é’d’*ﬂpﬂ6*24’2)“@77 + 56*2“"@#62%“5" - %e”ekll)#bijD“bkl

1 2 —2 *
:§D#6 ¢DU’€ ¢ _ mDHTDMT
1 . »
-+ 1 (9" e 2D,e** D g;; + gij€**D,e 2?DH g™ ) (E.43)
Here,
1 .. -
T = _Zewbij + i%, <E44)
and the covariant derivative of 7,
1 .
Dr:=dr + GV*DL - + EB,(Cl)e”ij, (E.45)

follows from egs. (E.13) and (E.42). The covariant derivatives of My are defined in
eq. (F.97). Using the expansion of the kinetic scalar term, (D.53), we can calculate that
the kinetic term for the scalars is given by

1
See = / 44z ﬁg{ R D, D! + 8TrD“MD"(LML)}. (E.46)

 2Im?(r)
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The information in D7, together with the field strengths F(*+ (E.15), F(2)5+ (E.24),
F@)6+ (E.34) and FPA+ (E.27), allows us to read off the non-zero components of the

embedding tensor. We can use the definition of Mg,

Vo= ety 1)

to rewrite DT to

DM__:=dM__ —GY*DL, M __|
1 ..
DM, =dM_, + B,gU(Zng)M__,
1 1 i
DM, | :=dM,, + GV*DL, M, | + B )(56 IDEYM, .
A comparison of this with eq. (2.130) tells us that

k
§+i = Dik7

while all other &1 /’s and all £_js’s are zero. We also see that the vector A~

—i L ijp)
A = —56 ij .
Knowing this, let us take a look at the field strengths. For F®)*  we have
, 1
FOH = g — 5D;dc:(lﬂc AGIL,
This has to be equal to eq. (2.132),
, 1. .
FRit = qgWi glenp AN A AT,

and using the definition of f+MNp in eq. (2.133),

. 3
fimunpe == fyunpe — S lpn — §§+NLMP,

(E.47)

(E.48)
(E.49)

(E.50)

(E.51)

’ is given by

(E.52)

(E.53)

(E.54)

(E.55)

we find that fi;;, = %ijém. We can find the other f’s in the same way; the nonzero

components of the embedding tensor are

i =Dy,
frise = %ka,
friap = —nacDip — lnABka'

2
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These components have to satisfy the constraint equation

3f+R[MNf+PQ] e 2 f+npg) =0, (E.57)

and the fyynp have to be antisymmetric in all indices. This last requirement is only
non-trival for fi;4p, and it is satisfied because of eq. (2.156). The constraint equation
gives us two constraints, one for (M, N, P,Q) = (5,6,4,7) (or any permutation thereof):

34 rise L 4ij1 " 2[5 f+6ij) = 0, (E.58)
and one for (M, N, P,Q) = (i,C, j, D) (or any permutation thereof):
R
3f+R[in+jD] + 28 f+cjp) = 0. (E.59)

Entering eq. (E.56) into (E.58), we see that both terms are independently zero. The
same procedure for eq. (E.59) gives us, using egs. (2.154), (2.155) and (2.156),

%juf 301 = 5 DineaDi, (E.60)
and
3f+R[56f+ij]R = 0" frijifsrep — Y (fripef+rijcr + fricefiFD)
= %ijncAD;fD — DimeaDilp. (E.61)

So the embedding tensor given by eq. (E.56) satisfies the constraint equation.
After the Weyl rescaling g, — €2t we did, the potential takes the form

4 = 2¢+"+p AB ij D nE
et ij [ HC c DB AD
+ g (DMHCB +DiBHAc) (D HPP 4+ DB H )
2¢+77 mn k k k i lj 7l
+— 4 (D k:Dnl + (Dmigkj + ijgik) (Dnlg + Dnlg ))
eddtn—p
+ Tgmg]lamanD?;Dﬁl

y 1
+ 2e4¢+3"+”6”eklnAanDbcbD (Dﬁl(ch —a;bg) + §D:?(cm,4 - ambA)> X

1
7Dgl(an - aan)>

(DEB(CIF —aibp) + 5

edo+n
HABgk ﬂ(D Deip — DJDAQD + D} (¢ma — ambA)) X

(DEBCZE — DlEBCkE + Dy, (an — aan)) }
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We can now use the definition of the scalar matrix Mjy;n in Appendix F and the embed-
ding tensor (E.56) to show that this equals

1

1
Spot = ~3 / {f+MNPf+QRSM++(3MMQMNRMPS — MMQLNRLPS) (E.63)

+ 36, Me N+t MMN.} (E.64)

This reproduces the potential given in [19].
The remaining topological term, according to [19], is

Stop = {§+MLNPAM ANANT A AP (E.65)
1. A
- 1f+MNRf+pQRAN[+ ANANT N AP A AQ
1 -
—& BTt A (dAM - §f+QRMAQ+ A AR> }
Writing out the indices tells us that for the embedding tensor (E.56),
1. A
1fennnfipo RAMA N ANT A AP+ A A9 = (E.66)
1 ij R(1)e o
- 5 151, GWE A DL BWE A GWP A DB
1 .. ~
+ 5D, O A AW AGOR A DB
1 ..
+ ie”BS) A GO DB pecWC A cMADE

Writing out the other two terms as well, we find that
Stop = / {e;jDZZLB@”* NFD” (E.67)
+edBM A (;nABf@)“ ACWBDE — F@5+ A é<1>D§k)
+ €l (%dé(lﬁ ~ %DﬁlémG(l)k ABW 4 %ka@U A A<1>) A 7;2)}.

It remains to be shown that the action is invariant under the various gauge transfor-
mations corresponding to the gauge fields. The parameters belonging to the gauge fields
are & for GO X for BW: A for AM X for CV, and A for C(V4, Furthermore, we
also have the transformations with respect to A; (for which the magnetic field B}l) is
the gauge field) and =TT (the gauge transformation parameter for B (2)++) into account.
How the fields transform under these can be found in Appendix F. We immediately see

that R is invariant under gauge transformations.
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The scalar 7 transforms as
1,
61 = —€"DhT — 7€ J)\kij. (E.68)
From the definition of the fieldstrength D7, we can see that d, D7 = 0 and
6¢ D7 = —¢I D} Dr. (E.69)

Since
e Im(r) = —€F D}, Im(7), (E.70)

the inverse of Im(7) will transform exactly the same, except with a minus sign:

1

= 1+¢kpl )
Dk

(E.71)

Therefore, the kinetic 7-term is invariant under gauge transformations.

Let us now look at the kinetic term for My, and the action for the field strengths.
First of all note that, because of its definition (2.191), F®** is invariant under gauge
transformations with parameter =7 1. No other fields transform under Z*+, so the action
is invariant under Zt*. Furthermore, for transformations under £, \*, A, A, and A,
the situation is the same as in Appendix 2.4: a transformation with respect to these
parameters performes an SO(6,n)-rotation on FGM+ My and DMy,n. Again, the
action is an SO(6, n)-scalar and therefore invariant. However, Sy is not invariant under
Ai. Re(7) transforms under it, so we find

1 ..
Oy, (Re(T)LMNf@W+ A f(2>N+) = — M DE Ly FOME A FONT (B.72)

This term, however, cancels out against the transformation of Si,,. Rewritten as
Stop = / ¢ { — 5, FOH A FET - B A doWA A 0By DS, (E.73)
1 -
— B A F®5F A O<1>D§k},

it is quite easily shown that it is invariant under all gauge transformations, except for
0x;- Under );, it transforms as

1. .
Ox; Stop = Zx\kewajLMN}“@)M+ A FON+.

This exactly cancels out the non-zero gauge-transformation of the topological field-
strength term.

Finally, using the scalar transformations as given in eq. (F.96), together with the
constraints (2.154), (2.155) and (2.156), it can be shown that the potential, written
down as in eq. (E.62), is gauge invariant.
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Appendix F

The Spectrum and its
Transformations

This appendix contains the spectra, the transformation rules of all fields, the definition
of the scalar matrices, the covariant derivatives and the fieldstrengths for the different
compactifications: we start with the compactifications of ITA supergravity on SU(2)-
structure manifolds, giving the definition of the scalar 7 and the scalar matrix My .
Then we will give the transformation behavior, field strengths and scalar derivatives for
Y, with H fg)—ﬂux in a first subsection, and Y3 in a second. In the second section we will
start by giving the scalar 7 and the scalar matrix M,y for the Scherk-Schwarz duality
twist, followed by the transformation behavior, field strengths and scalar derivatives for
that case.

F.1 The spectrum of ITA on SU(2)-structure mani-
folds

Before turning to the specific case of either Y; with H{g)—ﬂux, or Yo, we present the
general definitions of the complex scalar 7 and the scalar matrix Mjy;n in terms of the
fields obtained from the dimensional reduction.

The scalars e™" and b;; are put into one complex scalar 7:

1 .. 1 _
T = _Zewbij + 56 m (F.1)

Equivalently, we can use the scalar matrix Mg for «, 5 € {+, —}; this contains the same
information as 7. It is defined as

1 7> Re(r)
) o

The scalar matrix My, and its inverse (LM L)Y are given in egs. (F.3) and (F.4).
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We have used the following shorthands:

a;a =c;ia — aba, (F.5)

bi =i — 1" Pbacip + ea;, (F.6)
1

Cij *=ai7j — inABCiACjB — Bij (F.7)
ABb b

:77#. (F.8)

F.1.1 The Spectrum of ITA on Y; with Hfg)—Flux

We now give the transformation rules, field strengths and covariant derivatives for the
compactification of ITA supergravity on Y; with an H {g)—ﬂux. We show only the fields

in terms of which the supergravity is written, although we discuss the scalars both in-
and outside the scalar matrix. Note that the transformations we show are valid on Y;
with Hl(g)—ﬂux, the transformations on Y7 are obtained by setting Dk;4 = 0 and those
on K3 x T? by setting k;4 = Dﬁl =0.
The gauge bosons in the final electric frame transform as follows:
G =qgt, (F.9
§BW* =\ = \6" DFynpcCVC (
— NGk aC DA L NAG R 4 AW (
SAM =dA, (F.12
SCWM) =d\ + MEaGWE — ekl ,0MA, (
SCIA —ar 1 € (DfrCME — pABlyp A (
— GUF (DA — A Phyph).

The two-form field strengths for the final frame bosons are:

F@it —gq)i (F.15)
F@uk —dBOe 4 AW A gitg, ;DA 4 %5“77ACD%C(”A nCWE, (F.16)
FO5 —gA®), (F.17)
FOO . gcM) L GOk Ay DA (F.18)
F@A+ —geMA _ gk A pACOB 4 GOF A fy pnAB AL, (F.19)
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These fieldstrengths transform covariantly, meaning

SF@i+ —q (F.20)
SF@ut = _ NA§i DB o FOCH (F.21)

— A"y A FOAT 4 NGy o FO5E (F.22)
SF@5 g, (F.23)
SFR6+ _\Ap  FOkt _ b )AL (F.24)
SF@A+ gk ( D, FOB+ _ B f<2>5+> (F.25)

— FOk (D AP — APl ).

We now turn to the transformation of the scalars. The dilaton does not transform:

se=2 =0, (F.26)
the only scalars from the metric sector that have a non-zero transformation are H4:
de” =0, (F.27)
de ? =0, (F.28)
dgij =0, (F.29)
SHA, = ¢ (D,?BHAC — DA HS B). (F.30)
The scalars from the form fields A%), B%) and C’fg) transform like
da; =0, (F.31)
dbi; =0, (F.32)
00 = —&* (bya + DEabe), (F.33)
cia = —€F (kkAai + DgACiC) + Akia + A\E D npe, (F.34)
whereas the fields that are the duals of two-form fields transform like
5 = — EkpanPeip + Ak, (F.35)
1
0Bij = — 577AB (fkkkA (aici — ajcip) + A(kiacip — ijciB)> (F.36)
1
— EAA (cisDJy — ¢;pDPy).
This means we get one non-trivial scalar derivatives from the metric sector,
DHA, = dHA, + GO (D,SBHAC - D,?CHCB), (F.37)
the non-trivial scalar derivatives from the ten-dimensional form fields are
Dby = dby + GOF (kkA + D,?Abc), (F.38)
Dein i=deia + GLF (kkAai + DI?ACiC) — AWk, 4 — DEnpcc, (F.39)
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and the scalars dual to the two-form fields have the covariant derivative
Dry; i=dvy; + GV* 2Bk acip — O AL, 4, (F.40)
D := dBij + %G(l)knABkkA (aicjp — ajcip) + %A(l)nAB(kichB —kjacip) (F.41)
+ %C(l)A(ciBDfA — chDfL‘).
Since neither e™" nor b;; transform, 7 does not transform either:
0T =0, (F.42)

and it has a trivial covariant derivative.
The scalars in the matrix M,y transform as

oM;; = — AP (kiAMBj + ijMiB) + M (DE Mg, + DfAMiB — kiaMg; — kjaMig)
SM,j = — An*PkjaM,p + A* <D]'BAMLB - ijML6),

SMs; =€ A PlyaMp; — ApAPl; o Msp + AA (1);:3]\45,3 — % kM, — ijM%),

§Mg; = — Ap Bl a Mg + M (DJBAM6B - ijMGG),

SMa; =¢" (DkBAMBj - kkAMGj) - A(nBcijMAC + 5kakAMLj>

+\¢ (D]DCMAD —kjcMas — 5Lk77ADD1?CMLj)7

OM,, =0,
SMs, =€ 0 PlyaMp, — 6" kyaMy,, (F.43)
6M6L =0,

6Ma, =€" (DE\ M, — kiaMe, ) — 6" iaMu, = 96" nap DEe- My,
5Ms5 =E*n"*Ply.a (MB5 + M5B> — A6 kg, (ML5 + Ma),
5Mse =" PeaMpg — A6 ki a M,
M5 =¢* (nBCkkBMCA + DigaMsp — k'kAMSG) — A6"kia Ms,
— ABgk (nACDgBME)L + kiBMLA>7
dMes =0,
6Mas =" (DEx Mo — kiaMss ) = A5 kiaM,s = X8 n.ap D Mis,

6Map =€* (DEaMon + DpMac — kiaMop — kipMsa ) — A6 (kiaMop + ks Ma, )

— \Cgtk (nADD]?CMLB + UBDD]?CMAL>-
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The covariant derivatives of the scalars in terms of the matrix elements are:
DMy =dMi; + AV? (kiaMap; + kjaMi )
— CWA (DB Mp; + DP Mip — kiaMe; — kjaMe) ,
DM,; =dM,; + AVpABk, \ M, — DA (D;-BAMLB —k; AMLG),
DM;; =dMs; — GV By s Mp; + AV Bk, 4 Msp
—chA4 (DfAM5B — 8% kg a M, — k‘jAMse),
DMg; =dMg; + ADyAB ke, Mg — VA (DfAM6B — AM66>,
DMa;+dMa; — GOF (DEAMBj _ kkAMﬁj) +AM (nBC k;sMac + 5kakAMbj)

-cWe (DjDCMAD —kjcMas — 5Lk77ADD’?CMLj)’

DM, =dM,,, (F.44)
DM;, =dMs, — GO*pAB ey s Mp, + CDA5 ¥y A M,
DMs, =dMs,,

DMy, =AMy, — GV*(DE My, — kiaMe, ) = A6 ki My, + CO5 %4 DB My,
DMss =dMss — GO APl (Mps + My ) + COA5 kg (Mys + M),

DMs =dMse — GV* AP ks Mpg + C VA6 kA Mg,

DMs g =dMss — GOF (1P s Mo a + DEMs s — hieaMsg ) + A6 k4 Ms,

+ CWB§* (ac Dy Ms, + kipMoa ),

DMge =dMgs,

DMga =dMoa — GO*(DE M — kieaMag ) + AV kaMis + V6% 040 DE My,
DMap =dMap — GO (DEuMop + D Mac — kieaMop — ks Moa )

+ AWgk (kkAMLB + kkBMAL) + W sk (UADDI?CMLB + nBDDkDCMAL>-

F.1.2 The Spectrum of ITA on Y5

Here, we give the transformation rules, field strengths and covariant derivatives for the
compactification of ITA supergravity on Y. We show only the fields in terms of which the
supergravity is written, although we discuss the scalars both in- and outside the scalar
matrix. Note that the transformations we show are valid on Y5, the transformations on

Y1 are obtained by setting ij = 0 and those on K3 x T? by setting ij =DB5 =o.
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The gauge bosons in the final electric frame transform as follows:

6GW" =d¢' + ¢* D}, G (F.45)
sBLL =§kD§€zB(1)L _ )\AéibDiB;lnBCC(l)C + A(S”Dﬁlé(l) ( )
SAM =g\ (F.47)
6CV =d\ + ¢FDL,CM — \DL,GVE (F.48)
6CA —ar?t + ¢+ (DlrC WP + Dl,cM4) (F.49)

— GUH(DEAP + Diat),
while the magnetic vector dual to BM* transforms as
sBY = ax, — ¢*D!, B + \ DL GO, (F.50)

The two-form field strengths for the final frame bosons are:

FO+ _gewi _ Lawr \ qmipi (F.51)
2 ?
- Lt
F@ut g 4 %D§k3(2)++ (F.52)

1 o .
+ 50" (DEGO™ A B 8500 4+ DREW A AD

+ 140 DECHA A C(I)B),

FO5 A0, (F.53)
FOO+ .—ga™ _ gk A pt GO, (F.54)
FOA+ _goMA _ Lk , (DﬁBo“)B n Dfdc(l)f“), (F.55)

while the one for the dual boson Bgl) is
’7:1'(2)_ — dBZ-(l) + Gk A D%ﬂ,Bl(l). (F.56)
These fieldstrengths transform covariantly, meaning

6f(2)i+ :glfD;'d]_-(Q)H-7

5]_-(2)L+ :gkéiLékL/Dil]_-(Q)L’J,_ _ 5\6iLDélf-(2)5+ _ AancdiLDﬁf(Z)A-‘r,

SF 25+ —, (F.57)
5;(2)6-"— zngLl]_—(Q)G—‘r _ :\l)Ll]:(Q)k-‘v—7

SF@A+ ¢k (D?Bf@)m + D;ﬂ;@)u)

— FO (DAP + Diat),
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and

SFA™ = kDL FPT 4 DL FRR (F.58)
The two-form Lagrange-multiplier B®)*++ transforms like
S BOTH :(dgk - ng;?lGU)l) A Bk (F.59)
+g* (A(” A DL, CW 4 napCWA A DE,CVE 1 2f(2)‘+6bk) :

55, B+ :(dﬂk - megnemm) NGOk o}, F@it, (F.60)
SAB@H = (dA + AD@ZGU)’“) ACD _ gpF @0+, (F.61)
5B+ = _ (dx - XDLlGU)’“) AAD — 9 F@5+ (F.62)

o, BEH = (V4 XD GOR) A apC P (F.63)

+ MGYE A DE inepCWP 4 2 pAAFR BT

B®)++ also has its own gauge transformation. The only other field that transforms under
this is B

— 1 N
S=BPHt = g=tt — 5G<1>’c ADP = (F.64)
S 1
6=zBW = 751)5[5“. (F.65)
We now turn to the transformation of the scalars. The dilaton transforms like
Se=2¢ = ¢kple=2?, (F.66)

the scalars from the metric sector transform like

e~ = —¢*Djye" (F.67)
e P =¢FDye? (F.68)
89ij = =€ (Dygij + Diggi) (F.69)
0"y = &M (DipH o — DicH ), (F.70)

those coming from the form fields A%), B%) and Cﬁ)’)) transform like
da; = —€" Dian (F.71)
0bs; = =& (Djibij + Diijbir) + ArDy (F.72)
Sba = =" D ybo (F.73)
dcia = —E¥(Dlicpa + DEacic) + NP DSynse, (F.74)

whereas the fields that are the duals of two-form fields transform like
8v; = —€*(Djym — Djgwi) — ADf (F.75)

1

6Bi; = —&"(DyiBi; + Di; B — DiyBij) — 5)\‘4 (ciBDPy — ¢;pDLy) (F.76)
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The covariant derivatives of the dilaton is:
De 2 = de2? — GVFDL 2%, (F.77)

and those of the scalars from the metric sector is given by

De ™ =de™ + GWFDL e, (F.78)
De P =de ? — GV*DLe?, (F.79)
Dyij := dgi; + GH* (Dégjgil + DLiaij) (F.80)
DH" := dH" + GW* (DS HA — Dio H) (F.81)
The scalars from the ten-dimensional form fields have the covariant derivatives
Da; := da; + G(l)kDfm-al, (F.82)
Dbyj == dbs; — By DY + GV (DL by + Dibyj) (F.83)
Dby = dba + GV*DE be, (F.84)
Dcig = deja — DﬁnBcC(l)C + G(l)k (D]?ACiC + Dfm-clA) R (F.85)
and the scalars dual to the two-form fields have the covariant derivative
Dy, := dv; + D,CY — G Dy, (F.86)
1
D,Bij = dﬂ” — iﬂAB’l]CDC(l)D(CiADjCB — C]'AD%). (F87)
For the transformation of 7, this means that that transforms like
1
or = —€Dlr — ZAke”ij (F.88)
as follows from egs. (F.27) and (F.32). Written in terms of Mg, this is
1 ii
OMyy = S Ake IDy M, (F.89)
1 ii
OM == e IDEM__ (F.90)
SM__ =¢"Di M__ (F.91)
The covariant derivative of the composite scalar 7 is
1 -
Dr:=dr + G(l)kDLlT + ZBI(CDEUDZ” (F.92)
and again we can write this in terms of M,z as well:
DM__ :=dM__ —GY*DL, M __| (F.93)
1 1 i
DM, :=dM_, + B )(Ze IDEYVM__, (F.94)
1,
DM, :=dM,, +GV*DL M, | + B,il)(ie IDEYM, . (F.95)
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The scalars in the matrix M,y transform as

+ )‘A (DZB;XMBJ + DfAMiB + kaMAj + kaMzA) R

6My; = — € (Dl Mut — 8,0, D" Morj) = ADS Mg, + M (DEM, s + DM, )

§Ms; = — &" (D M5 — Dy, Ms;) — X (DY, Msg — ¥ D}, M, ;)
+ 4 (DJBAMsg + D}“kMg,A),
Mgy = — €8 DL Mg — AD%, Mg + A (DfAMﬁB + kaMM),
SMaj = — & (D4 Mcj + Dy ;M) — AD5, Mag — ncpAP 8™ Dy M, ;
+ 2B (DS Mac + Dl Mag),
SM,, =€ (5W5”” DMy + Sy 8 DIV M, 0 — DfdMLL/> 7
§Ms, =£*8,,,6" D My, + A\6* DL, M,/
M, =€* (6mL5lL'D,Z}M6L/ - DLIMGL) :
SMy, = — & (DfAMcL G DM s+ DLZMAL) + epAPSY DE M,
§Mss =€* DL Mys + 206" DL, Ms,.,
§Msg =A6"" DL, Mg,
SMsy = — DS, Mse: + A" DLy Ma, + nep AP DS, M,
6 Mg = — £ D}y, M,
Mg = — €5 (DE 4y Mec + DYy Mesa) + nep AP DSy M,
SMap = — & (DfsMcop + DigMac + Dj;Mag)
+nepAPe™ (DS, Mp, + DS Ma,) .
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The covariant derivatives of the scalars in terms of the matrix elements are:
DM;; =dM;; + GV¥ (D}, My; + DMy — Dl M)
+ oW (Df'ij(s + kaMie)
+ CWA(DEMp; + DEyMip + DiyMa; + DiyMig )
DM,; =dM,; + G (ngMLl - 5WD,Z}5“/ML/]-) + €Dk M,
+CMA(DE M, + Dy M,),
DMs; =dMs; + GW* (D} Ms, — Dy Ms;) + CV (D% Mss — 6% Dy, M, ;)
+ A (DE My + DiyMsa )
DMg; =dMg; + GM* D Mg + CV Db, Mgg
—chA4 (DJ'BAMGB + D§1M6A)7
DMaj+dMa; + GV* (DFy Mcj + Dy ;Ma) + CY D5 Mag (F.97)
+nepCHPs* DY, M, ; + OB (DJ-CBMAC + Dé-lMAB)7
DM, =dM,, — GO (5%5””1)2; o+ Gy 8% DI — D@Mw) ,
DMs, =dMs, — GV*6,,,6% DY M, — C D6 DL, M,
DMg, =dMg, — Gk (5%‘5“’1);}1\4&/ - DLZM(;L) ,
DM, =dM 4, + Gk (D,fAMCL G0 DI M g+ DLlMAL>
—nepCHPSY DEM, .,
DMss =dMss — GW* DY Mys — 2C0M6* DY M,
DMsg =dMsg — C 6" DL Mg,
DMs 4 =dMsa + GV*DE My — CV* DL My, — nepCVP 6% DSy M,
DMy =dMegs + GHF DL Mg,
DMga =dMsa + GV* (DS Msc + Dj Mga) — 1epCHP 8 DSy Mg,
DMap =dMap + GV* (DS, Mg + D Mac + Di,Mag)
—nepCIPE (DS Mp, + DS Ma,) .

F.2 The spectrum for the Scherk-Schwarz duality twist
reduction

Here, we will present the spectrum of the Scherk-Schwarz duality twist reduction de-
scribed in section 3.1. We will give the transformations and field strengths of the gauge
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fields, and the transformations and covariant derivatives of the scalars both as they are

obtained from the reduction procedure and as they are in the matrix M.

The gauge fields have the following transformations:
5GWI = gei
SBWE = aX + \K§" fip 'Ly A7
SAMT — g _ ¢k TAK LK f TGk,
Their field strengths, therefore, are
F@2)i — dG(l)i,
f@ﬂ::déuﬁ——%LJK5“ﬁHaMDIAfﬂU{
FOI — gA01 L Gk p g T AWK
and these field strengths transform as
SF@i =0,
OF@r = \K gt fp T Ly FO
SFOT — _ghf I FOK | \K g 1 Fk

(F.98)
(F.99)
(F.100)

(F.101)
(F.102)
(F.103)

(F.104)
(F.105)
(F.106)

The scalars obtained from the reduction and the subsequent dualizations transform

as
dgi; =0,
fe 2% =0,
de™ " =0,
8bij = 0,
sal = —&¥ fuc"al + XX fixc”,

1
0Bi; = —5/\KL1J (fiKIa}] - ijIail)7
SMpy =& (flgMKJ + kaLMIL)-
We find that their covariant derivatives are given by

Dg;; = dgij,
Dby; = dby,

DMy =dMp; — G(l)k(f;ﬁMKJ i kaLMIL),
Dal = dal — AX fi" + G(l)kkaIalK,
Dpij = dBi; + %AKLIJ (fmla;-’ - ijIa;J),
De 2% = de™2?,
De ™ =de™".
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The complex scalar
1 .. )
Ti= —Ze”bz‘j + %6_77 (F.121)

does not not transform and therefore its covariant derivative is simply its regular deriva-
tive.
The scalar matrix M,y that contains 132 of the 134 scalars is given by

—2¢,..
€ gl] + ~ K
N —M a’ +
M]Jai[a‘j] + _€2¢gkl6kLClj 2¢ IkIl( J K
e*?g" Likay Clj
€2¢gklckiclj Kk~ (F 122)
—e2?g* 6, Cl; 20 M6, 01, —e2?gM 5, Lipal
~Myxait N —e2 g5y, Lyral | My +e2?g" Ly Lypalfal
€2¢gleJKCL]IfCli L 1 k
Here, we have used the shorthand
1 I.J
Cij = ﬁij + iLUaZ- aj. (F123)
Its inverse, MMN = LMO N, p LPN is given by
€29 gii _62¢gil5kuclk _62¢>gilazl

—MKLalLélLLJK—i-
€2¢gklagclm5"“ (F.124)

LIKLJLMKL + e2¢gkla£(alL

_62¢gjl5kLClk 6Lk6L,lel

—MKLCLZLCSZL/LIK 4

2¢ gl 1
—eTrglra; ’
€2¢gkla£01m67m

The transformations of the different components of My, are

SM;; = A" (fiKLMLj + ijLMiL), (F.125)
SMy; = N fi" My, (F.126)
SM; = " fir™ Micj + A% (fiKLMIL - fKILMLj)a (F.127)
§M,, =0, (F.128)
SM s = ¥ fur™ My, — XX frer My, (F.129)
SMpy = &* (fchKMKJ + fchKMIK) —\E (fKILMLJ + fKJLMIL)a (F.130)
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and their covariant derivatives are therefore given by

DM;; = dM;; — A® (fiKLMLj + ijLMiL), (F.131)
DM,; = dM,; — A" fix"M,r, (F.132)
DMy; = dMyp; — GVF fr 5 My, — A (fiKLM[L - fKI‘MLj>, (F.133)
DM, = dM,,, (F.134)
DMy = dMps — GO fi " My, + AN frer Mo, (F.135)

DMy = dMp; — GWF (kaKMKJ + kaKMIK) + AKX (fKILMLJ + fKJLMu)-
(F.136)
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Appendix G

Spinor conventions for SO(6)

In this appendix, we summarize our Euclidean six-dimensional spinor conventions. We
follow those laid out in [45] and [11].
The Clifford algebra is
{¥mVn} = 20mn, (G.1)

with the matrices ~,, hermitian. The antisymmetric products of the Clifford matrices
Yms Ymy...m, are defined as

Ymi..my = Vimy Yma - - - Ymy) (G.2)
for p=1,...5, with the sixfold antisymmetric matric 77 defined as
Y7 =11 .. Y6, (G.3)

such that
V2 =1. (G.4)

Furthermore, we choose the charge conjugation matrix C' such that
ct =c, P = —Cy,, 07 (G.5)

In six dimensions, the two Weyl representations n_ and 74 of the Clifford algebra are
complex conjugate to one another, meaning that

n =niC, (G.6)

or equivalently
. =n"C. (G.7)

The spinors are normalized such that

nine =nln. =1. (G.8)
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